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Abstract

The increasing size of data generated by smart-
phones and IoT devices motivated the develop-
ment of Federated Learning (FL), a framework
for on-device collaborative training of machine
learning models. First efforts in FL focused on
learning a single global model with good average
performance across clients, but the global model
may be arbitrarily bad for a given client, due to the
inherent heterogeneity of local data distributions.
Federated multi-task learning (MTL) approaches
can learn personalized models by formulating an
opportune penalized optimization problem. The
penalization term can capture complex relations
among these models, but eschews clear statistical
assumptions about local data distributions.

In this work, we propose to study federated MTL
under the flexible assumption that each local data
distribution is a mixture of unknown underlying
distributions. This assumption encompasses most
of the existing personalized FL approaches and
leads to federated EM (expectation maximization)
like algorithms for both client-server and fully
decentralized settings. Moreover, it provides a
principled way to serve personalized models to
clients not seen at training time. The algorithms’
convergence is analyzed through a novel feder-
ated surrogate optimization framework, which
can be of general interest. Experimental results
on FL benchmarks show that our approach pro-
vides models with higher accuracy and fairness
than state-of-the-art methods.
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1. Introduction

Federated Learning (FL) (Kairouz et al., 2019) allows a set
of clients to collaboratively train models without sharing
their local data. Standard FL approaches train a unique
model for all clients (McMahan et al., 2017; Konecny et al.,
2016; Sahu et al., 2018; Karimireddy et al., 2020; Mohri
et al., 2019). However, as discussed in (Sattler et al., 2020),
the existence of such a global model suited for all clients
is at odds with the statistical heterogeneity observed across
different clients (Li et al., 2020; Kairouz et al., 2019). In-
deed, clients can have non-iid data and varying preferences.
Consider for example a language modeling task: given the
sequence of tokens “I love eating,” the next word can be
arbitrarily different from one client to another. Thus, having
personalized models for each client is a necessity in many
FL applications.

Previous work on personalized FL. A naive approach for
FL personalization is learning first a global model and then
fine-tuning its parameters at each client via a few iterations
of stochastic gradient descent (Sim et al., 2019). In this
case, the global model plays the role of a meta-model to
be used as initialization for few-shot adaptation at each
client. In particular, the connection between FL and Model
Agnostic Meta Learning (MAML) (Jiang et al., 2019) has
been studied in (Fallah et al., 2020) and (Khodak et al.,
2019) in order to build a more suitable meta-model for local
personalization. Unfortunately, these methods can fail to
build a model with low generalization error (as exemplified
by LEAF synthetic dataset (Caldas et al., 2018, App. 1)).
An alternative approach is to jointly train a global model
and one local model per client and then let each client build
a personalized model by interpolating them (Deng et al.,
2020; Corinzia & Buhmann, 2019; Mansour et al., 2020).
However, if local distributions are far from the average
distribution, a relevant global model does not exist and
this approach boils down to every client learning only on
its own local data. This issue is formally captured by the
generalization bound in (Deng et al., 2020, Theorem 1).

Clustered FL (Sattler et al., 2020; Ghosh et al., 2020b; Man-
sour et al., 2020) addresses the potential lack of a global
model by assuming that clients can be partitioned into sev-
eral clusters. Clients belonging to the same cluster share
the same optimal model, but those models can be arbitrarily
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different across clusters (see (Sattler et al., 2020, Assump-
tion 2) for a rigorous formulation). During training, clients
learn the cluster to which they belong as well as the cluster
model. The clustered FL assumption is also quite limiting,
as no knowledge transfer is possible across clusters. In the
extreme case where each client has its own optimal local
model (recall the example on language modeling), the num-
ber of clusters coincides with the number of clients and no
federated learning is possible.

Multi-Task Learning (MTL) has recently emerged as an
alternative approach to learn personalized models in the fed-
erated setting and allows for more nuanced relations among
clients’ models (Smith et al., 2017; Vanhaesebrouck et al.,
2017; Zantedeschi et al., 2020; Hanzely & Richtérik, 2020;
Dinh et al., 2020). Smith et al. (2017) and Vanhaesebrouck
et al. (2017) were the first to frame FL personalization as a
MTL problem. In particular, they defined federated MTL
as a penalized optimization problem, where the penaliza-
tion term models relationships among tasks (clients). Smith
et al. (2017) proposed the MOCHA algorithm for the client-
server scenario, while Vanhaesebrouck et al. (2017) and
Zantedeschi et al. (2020) presented decentralized algorithms
for the same problem. Unfortunately, these algorithms can
only learn simple models (linear models or linear combi-
nation of pre-trained models), because of the complex pe-
nalization term. Other MTL-based approaches (Hanzely &
Richtarik, 2020; Hanzely et al., 2020; Dinh et al., 2020) are
able to train more general models at the cost of considering
simpler penalization terms (e.g., the distance to the average
model), thereby losing the capability to capture complex
relations among tasks. Moreover, a general limitation of this
line of work is that the penalization term is justified qualita-
tively and not on the basis of clear statistical assumptions
on local data distributions.

Overall, although current personalization approaches can
lead to superior empirical performance in comparison to a
shared global model or individually trained local models, it
is still not well understood whether and under which condi-
tions clients are guaranteed to benefit from collaboration.

Our contributions. In this work, we first show that feder-
ated learning is impossible without assumptions on local
data distributions. Motivated by this negative result, we
formulate a general and flexible assumption: the data distri-
bution of each client is a mixture of M underlying distribu-
tions. The proposed formulation has the advantage that each
client can benefit from knowledge distilled from all other
clients’ datasets (even if any two clients can be arbitrarily
different from each other). We also show that this assump-
tion encompasses most of the personalized FL approaches
proposed in the literature.

In our framework, a personalized model is a linear combi-
nation of M shared component models. All clients jointly

learn the M components, while each client learns its person-
alized mixture weights. We show that federated EM-like al-
gorithms can be used for training. In particular, we propose
FedEM and D-FedEM for the client-server and the fully de-
centralized settings, respectively, and we prove convergence
guarantees. Our approach also provides a principled and
efficient way to infer personalized models for clients unseen
at training time. Our algorithms can easily be adapted to
solve more general problems in a novel framework, which
can be seen as a federated extension of the centralized sur-
rogate optimization approach in (Mairal, 2013). To the best
of our knowledge, our paper is the first work to propose fed-
erated surrogate optimization algorithms with convergence
guarantees.

Through extensive experiments on FL. benchmark datasets,
we show that our approach generally yields models that
1) are on average more accurate, 2) are fairer across clients,
and 3) generalize better to unseen clients than state-of-the-
art personalized and non-personalized FL approaches.

Paper outline. In Sec. 2 we provide our impossibility re-
sult, introduce our main assumptions, and show that several
popular personalization approaches can be obtained as spe-
cial cases of our framework. Section 3 describes FedEM
and states its convergence results. Finally, we provide ex-
perimental results in Sec. 4 before concluding in Sec. 5.

2. Problem Formulation

We consider a (countable) set 7 of classification (or regres-
sion) tasks which represent the set of possible clients. We
will use the terms task and client interchangeably. Data at
clientt € T is generated according to a local distribution D,
over X’ x Y. Local data distributions {D; } ;<1 are in general
different, thus it is natural to fit a separate model (hypothe-
sis) hy € H to each data distribution D;. The goal is thus to
solve (in parallel) the following optimization problems

vteT, ml}glénlee Lp,(ht), (1

where h; : X — APl (AP denoting the unitary simplex
of dimension D), [ : APVl Y — RT is a loss function,!
and Lp, (ht) = E(x,y)~p, [[(h¢(x),y)] is the true risk of a
model h; under data distribution D;. For (x,y) € X x Y,
we will denote the joint distribution density associated to D;
by p:(X, y), and the marginal densities by p;(x) and p;(y).

A set of T clients [T] 2 {1,2,...,T} C T participate to
the initial training phase; other clients may join the system
in a later stage. We denote by S; = {sgi) = (xii), y,gl)) i
the dataset at client ¢t € [T] drawn i.i.d. from D;, and by

n = 7_, n the total dataset size.

'In the case of (multi-output) regression, we have hy : X +—
R? for some d > 1land [ : R? x R? — RY.
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The idea of federated learning is to enable each client to
benefit from data samples available at other clients in order
to get a better estimation of Lp,, and therefore get a model
with a better generalization ability to unseen examples.

2.1. Learning under a Mixture Model

As shown in Appendix A, without any assumptions on the
local data distributions p; (x,y), a client cannot provably
benefit from larger amounts of data available at other clients.
Motivated by this impossibility result, in this work we pro-
pose to consider that each local data distribution D; is a
mixture of M underlying distributions Zsm, 1<m< M,
as formalized below.

Assumption 1. There exist M underlying (independent)
distributions ﬁm, 1 < m < M, such that fort € T,
D, is mixture of the distributions {D,, }M_, with weights
=,y € AM e

ze > M(mp), (e, 91) |20 =m) ~ Dy, VEET, (2)

where M(7) is a multinomial (categorical) distribution
with parameters T.

Similarly to what was done above, we use pp, (X, y), Pm (X),
and p,, (y) to denote the probability distribution densities
associated to D,,,. We further assume that marginals over
X are identical.

Assumption 2. For all m € [M], we have p,,(x) = p(x).

Assumption 2 is not strictly required for our analysis to hold,
but, in the most general case, solving Problem (1) requires
to learn generative models. Instead, under Assumption 2
we can restrict our attention to discriminative models (e.g.,
neural networks). More specifically, we consider a parame-
terized set of models A with the following properties.

Assumption 3. H = {hg}gera is a set of hypotheses pa-
rameterized by 6 € R<, whose convex hull is in H. For each
distribution D,,, with m € [M], there exists a hypothesis
he: , such that

I (hos, (x),y) = —log pm (y|x) + ¢, 3)

where ¢ € R is a normalization constant. l(-, ) is then the
log loss associated to Py, (y|X).

We refer to the hypotheses in H as component models or
simply components. We denote by ©* € RM*4 the matrix
whose m-th row is 6}, and by II* € ATXM the matrix
whose ¢-th row is 77 € AM . Similarly, we will use © and
II to denote arbitrary parameters.

Remark 1. Assumptions 2-3 are mainly technical and are
not required for our approach to work in practice. Experi-
ments in Sec. 4 show that our algorithms perform well on
standard FL benchmark datasets, for which these assump-
tions do not hold in general.

Note that, under the above assumptions, p;(x,y) depends
on ©* and 7}. Moreover, we can prove (see App. B) that
the optimal local model h;y € H for client ¢ is a weighted
average of models in H.

Proposition 2.1. Let [(-, ) be the mean squared error loss,
the logistic loss or the cross-entropy loss, and © and 11 be
a solution of the following optimization problem:

minimize E E

iimize, B JE o, [Tlosp (6910, m)] @)

where Dt is any distribution with support T. Under As-
sumptions 1, 2, and 3, the predictors

M
hi=> Fmhg, (x), VtLeT (5)
m=1

solve Problem (1).

Proposition 2.1 suggests the following approach to solve
Problem (1). First, we estimate the parameters © and
7, 1 <t < T, by minimizing the empirical version of
Problem (4) on the training data:

T ng
N i
fO.m) 2 %7 logp(s, |0 M), (©)

t=1 i=1

which is the (negative) likelihood of the probabilistic
model (2).> Second, we use (5) to get the client predic-
tor for the 7" clients present at training time. Finally, to deal
with a client tey ¢ [T'] not seen during training, we keep
the mixture component models fixed and simply choose the
weights 7, that maximize the likelihood of the client data
and build the client predictor via (5).

2.2. Generalizing Existing Frameworks

Before presenting our FL algorithms in Sec. 3, we show that
the generative model in Assumption 1 extends some popular
multi-task/personalized FL formulations in the literature.

Clustered Federated Learning (Sattler et al., 2020; Ghosh
et al., 2020a) assumes that each client belongs to one among
C clusters and proposes that all clients in the same cluster
learn the same model. Our framework recovers this scenario
considering M = C and 7}, = 1 if task (client) ¢ is in
cluster ¢ and 7;, = 0 otherwise.

Personalization via model interpolation (Mansour et al.,
2020; Deng et al., 2020) relies on learning a global model
hgiob and T" local models hyoc ¢, and then using at each client
the linear interpolation h; = o¢hioe;+ + (1 — a¢) hgion. Each
client model can thus be seen as a linear combination of
M =T + 1 models h,, = hioe,;m, for m € [T'] and hy =

2As the distribution D7 in Prop. 2.1 is arbitrary, any positively
weighted sum of clients’ empirical losses could be considered.
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hglob With specific weights 7}, = oy, mjy = 1 — «y, and

mr, = 0fort’ € [T]\ {t}.

Federated MTL via task relationships. The authors
of (Smith et al., 2017) proposed to learn personalized client
models by solving the following optimization problem in-
spired from classic MTL formulations:

mln ZZZ w, (X3 7)Y

t=1 =1

g £ At (WOQWT),  (7)

where h,,, are linear predictors parameterized by the rows
of matrix W and the matrix (2 captures task relationships
(similarity). This formulation is motivated by the alternating
structure optimization method (ASO) (Ando & Zhang, 2005;
Zhou et al., 2011). In App. C, we show that, when predic-
tors hg:n are linear and have bounded norm, our framework
leads to the same ASO formulation that motivated Prob-
lem (7). Problem (7) can also be justified by probabilistic
priors (Zhang & Yeung, 2010) or graphical models (Lau-
ritzen, 1996) (see (Smith et al., 2017, App. B.1)). Similar
considerations hold for our framework (see again App. C).
Reference (Zantedeschi et al., 2020) extends the approach
in (Smith et al., 2017) by letting each client learn a personal-
ized model as a weighted combination of M known hypothe-
ses. Our approach is more general and flexible as clients
learn both the weights and the hypotheses. Finally, other per-
sonalized FL algorithms, like pFedMe (Dinh et al., 2020),
FedU (Dinh et al., 2021), and those studied in (Hanzely &
Richtarik, 2020) and in (Hanzely et al., 2020), can be framed
as special cases of formulation (7). Their assumptions can
thus also be seen as a particular case of our framework.

3. Federated Expectation-Maximization
3.1. Centralized Expectation-Maximization

Our goal is to estimate the optimal components’ parameters
©* = (6},)1<m< s and mixture weights IT* = (7} )1<i<7
by minimizing the negative log-likelihood f(©,1I) in (6).
A natural approach to solve such non-convex problems is
via the Expectation-Maximization algorithm (EM), which
alternates between two steps. Expectation steps update the

distribution (denoted by ¢;) over the latent variables zt(i) for

every instance s,(E ), given the current estimates of the param-

eters {O,II}. Maximization steps update the parameters
{©, 11} by maximizing the expected log-likelihood, where
the expectation is computed according to the current latent
variables’ distributions. The following proposition provides
the EM updates for our problem (proof in App. D).

Proposition 3.1. Under Assumptions I and 2, at the k-th
iteration the EM algorithm updates parameter estimates
through the following steps:

kol (x(”

i (%)
k+1( (1) — m) x )€ v )Yy )7 (8)

E-step: q

nt k+1 (7) _
M-Step ﬂ_kJrl Zl 1qt n( m)7 (9)
t

ny

6k+1 € arg min Z Z qu m)

OeRr? t=1 i=1

xU(ho(xt")y”),  (10)
The EM updates in Proposition 3.1 have a natural interpre-
tation. In the E-step, given current component models ©F
and mixture weights IT*, (8) updates the a-posteriori proba-
bility ¢F 1 (2} B = = m) that point sg D of client t was drawn
from the m-th distribution based on the current mixture
weight 7f and on how well the corresponding compo-
nent A% classifies sgi) The M-step consists of two updates
under fixed probabilities g, *+1_ First, (9) updates the mix-
ture weights 77’”1 to reflect the prominence of each distri-
bution D,,, in S; as given by q’chl Finally, (10) updates
the components’ parameters ©%+! by solving M indepen-
dent, weighted empirical risk minimization problems with
weights given by qk“. These weights aim to construct
an unbiased estimate of the true risk over each underlying
distribution D,,, using only points sampled from the client
mixtures, similarly to importance sampling strategies used
to learn from data with sample selection bias (Sugiyama
et al., 2008; Cortes et al., 2008; 2010; Vogel et al., 2020).

3.2. Federated Expectation-Maximization

Federated learning aims to train machine learning models
directly on the clients, without exchanging raw data, and
thus we should run EM while assuming that only client ¢
has access to dataset S;. The E-step (8) and the IT update (9)
in the M-step operate separately on each local dataset S;
and can thus be performed locally at each client ¢. On the
contrary, the © update (10) requires interaction with other
clients, since the computation spans all data samples Sy.7.

In this section, we consider a client-server setting, in which
each client ¢ can communicate only with a centralized server
(the orchestrator) and wants to learn components’ parame-
ters ©* = (6;,,)1 <,,,< s and its own mixture weights 7.

We propose the algorithm FedEM for Federated
Expectation-Maximization (Alg. 1). FedEM proceeds
through communication rounds similarly to most FL
algorithms including FedAvg (McMahan et al., 2017),
FedProx (Sahu et al., 2018), SCAFFOLD (Karimireddy
et al., 2020), and pFedMe (Dinh et al., 2020). At each
round, 1) the central server broadcasts the (shared)
component models to the clients, 2) each client locally
updates components and its personalized mixture weights,
and 3) sends the updated components back to the server,
4) the server aggregates the updates. The local update
performed at client ¢ consists in performing the steps in (8)
and (9) and updating the local estimates of 6,,, through a
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Algorithm 1 FedEM (see also the more detailed Alg. 7 in
App. L.1)

1: Input: data S;.7; number of mixture distributions M

number of communication rounds K

2: for iterations k =1,..., K do

3:  server broadcast an_l, 1 <m < M to the T clients
4:  fortaskst =1,...,T in parallel over T clients do
5.
6

for component m = 1,..., M do
update qf(zt(i) = m) as in 8), Vi €
{1,...,n¢}
7 update 7F  as in (9)
8: Hﬁw + LocalSolver(m, 6571 qF S
9: end for
10:  end for
11:  client t sends Gﬁm, 1 < m < M, to the server
12:  for componentm = 1,..., M do
130 0F 3 e x ok
14:  end for
15: end for

solver which approximates the exact minimization in (10)
using only the local dataset S; (see line 8). FedEM can
operate with different local solvers—even different across
clients—as far as they satisfy some local improvement
guarantees (see the discussion in App. K). In what follows,
we restrict our focus on the practically important case
where the local solver performs multiple stochastic gradient
descent updates (local SGD (Stich, 2018)).

Under standard mild assumptions (detailed in Appendix E),
FedEM converges to a stationary point of f.

Theorem 3.2. Under Assumptions 1-7, when clients use

SGD as local solver with learning rate n = \/“—OF af-
ter a large enough number of communication rounds K,

FedEM’s iterates satisfy:
if:EHv@f (e |2 <o = (11)
K P ) F = \/K )

1« - 1
K;Anf(@an)ﬁ(/)(W), (12)

where the expectation is over the random batches samples,
and A f(©F, T1%) £ f (@k,Hk) —f (@k,Hk“) > 0.

Theorem 3.2 (proof in App. J.1) expresses the convergence
of both sets of parameters (O and II) to a stationary point of
f. Indeed, the gradient of f with respect to © becomes arbi-
trarily small (inequality (11)) and the update in Eq. (9) leads
to arbitrarily small improvements of f (inequality (12)).

FedEM allows an unseen client, i.e., a client tne, ¢ [T
arriving after the distributed training procedure, to learn its
personalized model. The client simply retrieves the learned

components’ parameters O and computes its personalized
weights 7, through one E-step (8) (e.g., starting from a
uniform initialization) and the first update in the M-step (9).

In some cases, clients may want to communicate directly in a
peer-to-peer fashion instead of relying on the central server
mediation (Kairouz et al., 2019, Sec. 2.1). In fact, fully
decentralized schemes may provide stronger privacy guaran-
tees (Cyffers & Bellet, 2021) and speed-up training as they
better use communication resources (Lian et al., 2017; Mar-
foq et al., 2020) and reduce the effect of stragglers (Neglia
etal., 2019). In App. 1.2 we propose D-FedEM (Alg. 3), a
fully decentralized version of our federated EM algorithm
with similar convergence guarantees.

Both FedEM and D-FedEM can be seen as particular in-
stances of a more general framework—of potential interest
for other applications—that we call federated surrogate
optimization and we describe in App. H.

4. Experiments

Datasets and models. We evaluated our method on five
federated benchmark datasets spanning a wide range of
machine learning tasks: image classification (CIFAR10
and CIFAR100 (Krizhevsky, 2009)), handwritten character
recognition (EMNIST (Cohen et al., 2017) and FEMNIST
(Caldas et al., 2018)), and language modeling (Shakespeare
(Caldas et al., 2018; McMahan et al., 2017)). Shakespeare
dataset (resp. FEMNIST) was naturally partitioned by as-
signing all lines from the same characters (resp. all images
from the same writer) to the same client. We created fed-
erated versions of CIFAR10 and EMNIST by distributing
samples with the same label across the clients according to
a symmetric Dirichlet distribution with parameter 0.4, as
in (Wang et al., 2020a). For CIFAR100, we exploited the
availability of “coarse” and “fine” labels, using a two-stage
Pachinko allocation method (Li & McCallum, 2006) to as-
sign 600 sample to each of the 100 clients, as in (Reddi et al.,
2021). We also evaluated our method on a synthetic dataset
verifying Assumptions 1-3. For all tasks, we randomly split
each local dataset into training (80%) and test (20%) sets.
Details on datasets and models can be found in App. L.1,
and additional experimental results are in App. M.

Other FL approaches. We compared our algorithms with
global models trained with FedAvg (McMahan et al., 2017)
and FedProx (Sahu et al., 2018) and different personaliza-
tion approaches: a personalized model trained only on the
local dataset, FedAvg with local tuning (FedAvg+) (Jiang
et al., 2019), clustered FL (Sattler et al., 2020) and
pFedMe (Dinh et al., 2020). For each method and each
task, the learning rate and the other hyper-parameters were
tuned via grid search (details in App. L.2). FedAvg+ up-
dated the local model through a single pass on the local
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Table 1. Test accuracy: average across clients / bottom decile.

DATASET LocAL FEDAVG FEDPROX FEDAVG+ CLUSTERED FL pFepME FEDEM (OURS)
FEMNIST 71.0/57.5 78.6/63.9 78.9/64.0 75.3/53.0 73.5/55.1 74.9/57.6 79.9/64.8
EMNIST 71.9/64.3 82.6/75.0 83.0/75.4 83.1/75.8 82.7/75.0 83.3/764 83.5/76.6
CIFAR10 70.2/48.7 78.2/724 78.0/70.8 82.3/70.6 78.6/71.2 81.7/73.6 84.3/78.1
CIFAR100 31.5/19.9 40.9/33.2 41.0/33.2 39.0/28.3 41.5/34.1 41.8/32.5 44.1/35.0
SHAKESPEARE 32.0/16.6 46.7/42.8 45.7/41.9 40.0/25.5 46.6 /42.7  41.2/36.8 46.7 / 43.0
SYNTHETIC 65.7/584 68.2/589 68.2/59.0 68.9/60.2 69.1/59.0 69.2/61.2 74.7/66.7

dataset. Unless otherwise stated, the number of components
considered by FedEM was M = 3, ? training occurred over
80 communication rounds for Shakespeare and 200 rounds
for all other datasets. At each round, clients train for one
epoch. Results for D-FedEM are in Appendix M.1.

Average performance of personalized models. The per-
formance of each personalized model (which is the same for
all clients in the case of FedAvg and FedProx) is evalu-
ated on the local test dataset (unseen at training). Table 1
shows the average weighted accuracy with weights propor-
tional to local dataset sizes. We observe that FedEM obtains
the best performance across all datasets.

Fairness across clients. FedEM’s improvement in terms of
average accuracy could be the result of learning particularly
good models for some clients at the expense of bad models
for other clients. Table 1 shows the bottom decile of the
accuracy of local models, i.e., the (7"/10)-th worst accuracy
(the minimum accuracy is particularly noisy, notably be-
cause some local test datasets are very small). Even clients
with the worst personalized models are still better off when
FedEM is used for training.

Clients sampling. In cross-device federated learning, only
a subset of clients may be available at each round. We ran
CIFAR10 experiments with different levels of participation:
at each round a given fraction of all clients were sampled
uniformly without replacement. We restrict the comparison
to FedEM and FedAvg+, as 1) FedAvg+ performed bet-
ter than FedProx and FedAvg in the previous CIFAR10
experiments, 2) it is not clear how to extend pFedMe and
clustered FL to handle client sampling. Results in
Fig. 1 (App. M) show that FedEM is more robust to low
clients’ participation levels.

Generalization to unseen clients. As discussed in Sec. 3.2,
FedEM allows new clients arriving after the distributed train-
ing to easily learn their personalized models. With the ex-
ception of FedAvg+, it is not clear if and how the other
personalized FL algorithms can tackle the same goal. In
order to evaluate the quality of new clients’ personalized

3The effect of the number of components M on the test accu-
racy is explored in Appendix M.3 and Appendix M.4

Table 2. Average test accuracy across clients unseen at training
(train accuracy in parenthesis).

DATASET FEDAVG FEDAVG+ FEDEM
FEMNIST 78.3(80.9) 74.2(84.2) 79.1(81.5)
EMNIST 83.4(82.7) 83.7(92.9) 84.0(83.3)
CIFAR10 77.3(77.5) 80.4(80.5) 85.9(90.7)
CIFAR100 41.1 (42.1) 36.5(55.3) 47.5(46.6)
SHAKESPEARE 46.7 (47.1) 40.2(93.0) 46.7 (46.6)
SYNTHETIC 68.6 (70.0) 69.1 (72.1) 73.0(74.1)

models, we performed an experiment where only 80% of
the clients (“old” clients) participate to the training. The re-
maining 20% join the system in a second phase and use their
local training datasets to learn their personalized weights.
Table 4 shows that FedEM allows new clients to learn a
personalized model at least as good as FedAvg’s global
one and always better than FedAvg+’s one. Unexpectedly,
new clients achieve sometimes a significantly higher test
accuracy than old clients (e.g., 47.5% against 44.1% on
CIFAR100). Our investigation (App. M.2) suggests that, by
selecting their mixture weights on local datasets that were
not used to train the components, new clients can compen-
sate for potential overfitting in the initial training phase.

5. Conclusion

In this paper, we proposed a novel federated MTL approach
based on the flexible assumption that local data distributions
are mixtures of underlying distributions. Our EM-like al-
gorithms allow clients to jointly learn shared component
models and personalized mixture weights in client-server
and fully decentralized settings. We proved convergence
guarantees for our algorithms through a federated surrogate
optimization framework which can be used to analyze other
FL formulations. In practice, our approach learns models
with higher accuracy and fairness than state-of-the-art FL
algorithms, even for clients not present at training time.

In future work, we aim to reduce local computation and
communication of our algorithms. Aside from standard
compression schemes (Haddadpour et al., 2021), a promis-
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ing direction is to limit the number of component models
that a client updates/transmits at each step. This could be
done in an adaptive manner based on the client’s current
mixture weights. A second interesting direction is to study
personalized FL approaches under privacy constraints (quite
unexplored until now with the notable exception of Bellet
et al. (2018)). Some features of our algorithms may be bene-
ficial for privacy (e.g., the fact that personalized weights are
kept locally and that all users contribute to all shared mod-
els). We hope to design differentially private versions of our
algorithms and characterize their privacy-utility trade-offs.
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A. An Impossibility Result

We start by showing that some assumptions on the local distributions p;(x,y), t € T are needed for federated learning to
be possible, i.e., for each client to be able to take advantage of the data at other clients. This holds even if all clients are
observed during the initial training phase (i.e., T = [T]).

Our argument relies on a reduction to an impossibility result for semi-supervised learning (SSL). If clients have arbitrarily
different label distributions, the information carried by py (y|x), t' € [T] \ {¢} is not relevant for client ¢, and client ¢
can only use the information carried by the marginals py (x). Assuming that these marginals are identical for all clients,
federated learning with 7" clients is then equivalent to 7" SSL problems, where the SSL problem associated with client ¢
relies on labeled samples in S; and unlabeled samples in U = Uy e 3 {X 1 (X, ) € Sp}. 4

The authors of (Ben-David et al., 2008) conjectured that even when the quantity of unlabeled data goes to infinity, the
worst-case sample complexity of SSL improves over supervised learning at most by a constant factor that only depends on
the hypothesis class (Ben-David et al., 2008, Conjecture 4). Later work has shown the conjecture to hold for the realizable
case and hypothesis classes of finite VC dimension (Darnstidt et al., 2013, Theorem 1), even when the marginal distribution
is known (Gopfert et al., 2019, Theorem 2) (whether the conjecture in (Ben-David et al., 2008) holds in the agnostic case is
still an open problem). The main consequence for FL is that, without further assumptions, a client cannot provably benefit
from larger amounts of data available at other clients.

B. Proof of Proposition 2.1

Proposition 2.1. Let [(-,-) be the mean squared error loss, the logistic loss or the cross-entropy loss, and O and 1l be a
solution of the following optimization problem:

inimize E = E [-1 ) 4
mué)l%nzethT(x’y)NDt[ og pt(x, Y| ’Wt)]a S

where D is any distribution with support T. Under Assumptions 1, 2, and 3, the predictors

M
hi=> fmhy , VET (5)

m=1

minimize B ), [[(hi(x), y)] and thus solve Problem (1).

First, Lemma B.1 shows that the parameters O and 11, solving Problem (4), generate the same probability distribution as the
parameters ©* and IT* defined in Assumptions 1 and 3. Then, Lemmas B.2-B.4 exploit the particular form of the mean
squared error loss, the logistic loss, and the cross entropy loss to prove that predictors h}, V¢t € T, defined in (5), minimize

E(x,y)~p, [[(hi(x), y)]-
Lemma B.1. Suppose that Assumptions 1 and 3 hold, and consider © and 11 to be a solution of Problem (4). Then

pe(x,y]0, %) = pe(x,y|0%, 7]), Vt € T. (13)
Proof. Fort € T,
E [f logpt(x,yléﬂ”rt)] = */ pe(x,y|©%, 77) - log pe(x, y|©, 7y )dxdy (14)
(x,y)~Dy X,yEX XY

* * pt(xayléaﬁ-t)
=— pe(x,y|©%, 7f) - log ——————"——dxdy
/x,yeXxy k pt(xvy|@*>7rt)

—/ p(, 910", 73 - log pe(x, 4]O7, w7 )dxdy (15)
X,YEX XY

= KL (pe (10777 Ipe (16.7:) ) + H [pe (107, 7)), (16)

*Note that in FL settings, we have the extra difficulty that client ¢ cannot have direct access to samples I;, since local data cannot be
moved across clients.
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where

H [p: (|07, 7)) = —/ pe(x,y|©%, 7f) - log pi(x,y|©", 7{ )dxdy, (17)
x,yeX XY

is the entropy of p; (-|©*, ), and

A v * * X, @*77'('*
KL (pt (-|0%, 7)) ||pt (-|®7 7Tt)) = pi(x,y|©*, 7)) - log Zwvvt)dxdy7 (18)
X, YyEX XY pt(X,y|@,7Tt)

is the Kullback-Leibler divergence between p; (|©*, 7;) and p; (|é, 7”rt> . Since the KL divergence is non-negative, we

have
= {_logpt(x,yl@ﬁt)}ZH[pt('l@*,WZ‘)}= E  [~logp:(x,y©",7])] (19)
(x,y)~Ds (x,y)~Ds
Taking the expectation over ¢t ~ D, we write
E E [—10 X, é,ﬁ}z E E [-logp(x,yl0 7). 20
ek [Tl O ®) > B R [ logp(x,y]07, 7)) (20)

Since © and 11 is a solution of Problem (4), we also have
E E {— log ps(x,9|O, ﬁt)] < E E [—logpi(x,y|©, 7). (1)

t~D7 (x,y)~D: ~ t~Dr1 (x,y)~Dy

Combining (20), (21), and (16), we have
JE KL (p10m) o (16.7) ) = 0. 22)

Since KL divergence is non-negative, and the support of D is the countable set 7, it follows that

vee T, KL (p (1677 e (16,7)) = 0. (23)

Thus, 5
pe(x, [0, 7)) = pe(x,y[O7, 7)), VEET. (24)
O

In the following, we prove Prop. 2.1 in each of the three possible cases for the loss function.

B.1. Case of Mean Squared Error Loss
Lemma B.2. Suppose that Assumption 2 holds, ) = R? for some d > 0, and fort € T and m € [M],

s MOR): pelylxz = m) =N (ylhy, (0. 1a)
where N (y|h§m (x), Id> is the d-dimensional Gaussian distribution with mean hy (x) and co-variance I,. Then, hy
defined as

M
VX € X5 hi(x) =) Fmhy (%),
m=1

minimizes the mean squared error

Lp ()= E ||hx)—yl>.
p, (h) (x,y)wt”() yl|

Proof.

Lo () — IES s

= 25
(x,y)~Dy 2 (25)
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7Ttm 2
=5y fim h
> B 160
g, () — |
gyt [ oo
= me/ Mexp | g | I P (X)dxdy
JYEX xR (271_)51 2

We compute the gradient of Ey yp, [|A(x) — y||* with respect to h as,

2

149 ~ol” / e t0-9]
V., E Z e  pm(X)dxdy
(x7y)NDf / 27‘(‘ 2
We write first-order optimality condition at h;,
\V/ h* 2 _
b E 60—yl
thus,
M h; (x) ?
ey, | [0~
Z ’ﬁtm/ i) exp 5 (x)dxdy =0
m=1 X,y (27T)d
rearranging the terms leads to
2
S [, ) =]
Z T hi(x)-exp{ — P (x)dxdy =
m=1 Xy 2
2
. [, )=+
Z th/ yrexpy -t P (x)dxdy,
m=1 Xy
then,
2
2 9 * Hh(;m(X) _yH
St [ Bix) exp § — 1L dy § P (x)dx =
1 xXEX yeR4
2
v 5,0 |
Z th/ / Y exp 5 dy p pm(x)dx
m—1 x€EX yERd
using the fact that
2
|5, 00 =
Vr € X; / exp{ — 5 dy=1
(2m) Jver
and that )
! [ ) =]
Yy exp 5 dy = hy, (%),
(2m)¢ JueR

it follows that,
M

> ton [0

m=1 xeX m=1 xeX

(26)

27)

(28)

(29)

(30)

€29

(32)

(33)

(34)

(35)

(36)
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M
m=1

M
/ . (h: (X) = > Fimhg (x)> p(x)dx = 0. (37)

m=1

Using Assumption 2 and the fact that > Tem = 1; t € [T], we have
Eq. 37 suggest the following optimality conditions,
M
VX EX; hi(x) = by (x). (38)
m=1

Finally, since h — E(x ,)~p, [|R(x) — y||? is convex, it follows that i, defined in (5) minimizes E(x,y)~p, R(x) — yll?.

B.2. Case of logistic loss

Lemma B.3. Suppose that Assumption 2 holds, Y = {0, 1} and fort € T and m € [M],
2y ~ M(my); pe(ylx,z =m) =B (y|h§m(x)) )

where B (y|h9vm (x)) is Bernoulli distribution with parameter hy (x). Then, hy defined as

v

M
VX € X5 hi(x) =) Fmhy (X)),
m=1

minimizes the logistic loss

(%,9)~D:
Proof.
Lo, (h)= E _ (=yloglh(x)] = (1-y)log(l —h(x)]) (39)
M
= > fom B (yloglh(] = (1 9)log 1 — hx) 0
mj\zl
= Z Tem /ex {=log[l — A(xX)] - pm(x,y = 1) = log [h(X)] - pm(x,y = 0)} dx 41)
m]\;1
= Z Tim /ex {=log [l = h(x)] - pm(y = 1|x) — log [h(X)] - pm(y = 0|X)} pm (x)dx (42)
m]\;1
= Z Tem /EX {—log [1-hx)]- (1 —hy (X)) —log[h(x)] - hy (x)}pm(x)dx 43)
Using Assumption 2, we have
M
Lo, (1) = 3 Fum [ A tomit = n6o) - (1= g, () = o 60y, (0} (i (44)

We compute the gradient of Lp, (k) with respect to h,

M 1—hy (x hs (x
Vo, )= St [ (ST g o “




Federated Multi-Task Learning under a Mixture of Distributions

R h(x) —hy, (%)
_;th /xeX {(1h(x)) ,h(x)}p(X)dx (46)
Mo hix)—hy (x)
B /xeX ,nZ::l frm { (1—h (x))e‘ I (%) } p(x)dx 47)
h(x) = Som_y Fem - by, (%)

First-order optimality condition at Ay is,

* _ M T - hs
/ { hi (x) =3 ey Ttm - B m (x) }p(x)dx -0 (49)
xeX

(1= ht () hf (%)

Suggesting that the following candidate optimality condition,

M
VX € X5 hi(x) = Fimhy (x). (50)

m=1
Finally, exploiting the convexity of the logistic loss, 2} minimizes it. O

B.3. Case of Cross-Entropy loss
Lemma B.4. Suppose that Assumption 2 holds and Y = {0, ..., L} for some L > 2, and fort € T and m € [M],

o Mm); piylx,z = m) =M (ylhg, (%)),

m

where M (y\hém (X)) is the multinomial distribution with parameter h; (x) € AL. Then, h} defined as

M
Vx € X; by (%) =Y Fimhy (),

minimizes the cross-entropy loss

on AL,

Proof. We express the fact that h € AL, as

L
vxeX, Y (h(x), =1,
=1

obtaining the following problem

L
minimize — E 1o loe (hix
h (x,y)~Dy l:zl {y=1} 108 ( ( ))l

L
subject to Vx e X, Z (h(x)),=1
=1
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which is equivalent to

L
minimize — E 1o log (h(x
h (x,y)~Dt; ty=1} g( ( ))l
L
subject to / (h(x)), ¥ p(x)dx =1
rzeX =1

The Lagrangian of this problem is

L
L(h)\) =— E, > Ly log (A(x)), + A
WITE

(x

Using assumption 2, we can simplify the Lagrangian as

L
m=1 =1

M L
L= [ . {— > i 3 (g, (59) - log (A (x)), + A (Z (h (), - 1) }p<x>dx.

=1

KKT first order optimality conditions at k] are written

Vi (. ) 0
{fxex (S o)~ 1} pax =0,
then,
Joex it {_ >t ﬁtm%ﬁii?’ + )\} ‘p(x)dx =0
Fuea {00 (7 (), = 1} p () i 0

Leading to the following first-order optimality condition for any x € X

{A e (%) = Yoy iy (%)
Sy (e (%)), =1

Since hy (x) € AL and m; € AM it follows that A = 1. Thus

M
hw, (X) = Y Fimhy (%)

m=1

Finally, since the cross-entropy loss is convex in h, hy is a minimizer.

(S

(52)

(53)

(54)

(55)

(56)
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C. Relation with Other Multi-Task Learning Frameworks

In this appendix, we give more details about the relation of our formulation with existing frameworks for (federated) MTL
sketched in Sec. 2.2. We suppose that Assumptions 1-3 hold and that each client learns a predictor of the form (5). Note
that this is more general than (Zantedeschi et al., 2020), where each client learns a personal hypothesis as a weighted
combination of a set of M base known hypothesis, since the base hypothesis and not only the weights are learned in our case.

Alternating Structure Optimization (Zhou et al., 2011). Alternating structure optimization (ASO) is a popular MTL
approach that learns a shared low-dimensional predictive structure on hypothesis spaces from multiple related tasks, i.e., all
tasks are assumed to share a common feature space P € R¥ %4 where d’ < min(7, d) is the dimensionality of the shared
feature space and P has orthonormal columns (PPT = [), i.e., P is semi-orthogonal matrix. ASO leads to the following
formulation:

T ng
minimize Z Zl (hwt (xgz)) ,y§”) +atr(WWT) —tr (WPTPWT)) 4+ Str (WWT), (57)
¢

W,P:PPT=I, ‘
) =11i=1

where o > 0 is the regularization parameter for task relatedness and 5 > 0 is an additional L2 regularization parameter.

When the hypothesis (hg), are assumed to be linear, Eq. (5) can be written as W = I10. Writing the LQ decomposition’
of matrix ©, i.e., ©® = LQ, where L € RM*M ig a Jower triangular matrix and Q € R *¢ is a semi-orthogonal matrix
(QQT = Iy, (5) becomes W = TILQ € RT*?, thus, W = WQTQ, leading to the constraint | — WQTQ|% =
tr (WWT) —tr (WQTQWT) = 0. If we assume H9m||§ to be bounded by a constant B > 0 for all m € [M], we get the
constraint tr (WWT) < T B. It means that minimizing Zthl Sl (hwt (xgi)) ,ygi)) under our Assumption 1 can be
formulated as the following constrained optimization problem

T ny
inimi (o (=) 087
wmize - 23 (x7) v
subject to tr{WWT} —tr {WQTQWT} =0,
tr (WWT) <TB.

(58)

Thus, there exists Lagrange multipliers o € R and 5 > 0, for which Problem (58) is equivalent to the following regularized
optimization problem

T ng
Jminimize 3731 (hwt (x,@) ,yt(i)> Fa(tr (WWTY — te (WQTQWTY) + Btr [WWT}, (59)

t=1 i=1

which is exactly Problem (57).

Federated MTL via task relationships. The ASO formulation above motivated the authors of (Smith et al., 2017) to
learn personalized models by solving the following problem

%%XT: il (hwt (xgi)) ,yﬁi)) + Atr (WQWT), (60)
=1 =1

Two alternative MTL formulations are presented in (Smith et al., 2017) to justify Problem (60): MTL with probabilistic
priors (Zhang & Yeung, 2010) and MTL with graphical models (Lauritzen, 1996). Both of them can be covered using our
Assumption 1 as follows:

e Considering T' = M and II = Ij; in Assumption 1 and introducing a prior on © of the form
O ~ (HN (o, UQId)) MAN (I @ Q) ©61)

lead to a formulation similar to MTL with probabilistic priors (Zhang & Yeung, 2010).

3Note that when © is a full rank matrix, this decomposition is unique.
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* Two tasks ¢ and ¢’ are independent if (s, ) = 0, thus using € »+ = (m, m) leads to the same graphical model as in
(Lauritzen, 1996)

Several personalized FL formulations, e.g., pFedMe(Dinh et al., 2020), FedU (Dinh et al., 2021) and the formulation
studied in (Hanzely & Richtarik, 2020) and in (Hanzely et al., 2020), are special cases of formulation (61).
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D. Centralized Expectation Maximization

Proposition 3.1. Under Assumptions 1 and 2, at the k-th iteration the EM algorithm updates parameter estimates through
the following steps:

E-step: a1 Y = m) o wh, - exp (<1hoy, (x07), 547 te[T), me[M], i€ln] (8
e E+1,(8) _
k+1 _ Zz 1 9¢ (2" =m)

M-step: Ty nt ) te[T], me[M] 9

g+l ¢ argmmZquH m) - l(he( (l)) yii)), m € [M] (10)

feRr? t=1 i=1

Proof. The objective is to learn parameters {(:), ﬁ} from the data ;.7 by maximizing the likelihood p (S1.7|0,IT). We

introduce functions ¢(z), t € [T] such that ¢, > 0 and 224:1 q:(z) = 1 in the expression of the likelihood. For © € RM >4
and IT € AT*M we have

o p(1216.1) = 33 o (st"10,m) (©2)

t=1 i=1
(@) ) _

_Zilog Z e (S;;(Z;“)n;;)m) qt( (>_m) (63)

t=1 =1 m=1

SIEZ)7 Z)E’L) = m|@a 7775)

>Z§:Z%( _m) 1ngt( . (Zt(z) :m) ©4)

t=1 i=1 m=1

-3 3w (0 = m) o (57,50 = i)
t=1 1=
- ET: ) i ar (27 =m)logq (=7 =m) (65)

= £(®7H7Q1:T)7 (66)

where we used Jensen’s inequality because log is concave. £(0, 11, Q1.7) is an evidence lower bound. The centralized
EM-algorithm corresponds to iteratively maximizing this bound with respect to Q1.7 (E-step) and with respect to {©, IT}
(M-step).

E-step. The difference between the log-likelihood and the evidence lower bound £(0O, I, Q;.7) can be expressed in terms
of a sum of KL divergences:

log p(S1.7]©,11) — £(6, 11, Qu.1) = N
_ é; toap (10,7 - §M:1 oo (69 = m) 1og P (siqj(zt(()) Z?,m) N
~3 35S (40 =) b (s 7) <1 ((q ) (f)—: :nn;a) .
S e o

s; 0,z = m|@,7rt>

o~
Il
-
~~
Il
-
Il
-
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T ne M o @ (Zt(z) _ m)
I (Zt = m) log —75 @
t=1t=1 m=1 Dt (Zt = m|st 7@77Tt>
T nt . . .
= Z KL (qt (zé”) [|pe (zt(z)|s§l),@,ﬂ't>) > 0.
t=1i=1

For fixed parameters {©, IT}, the maximum of £(0, II, Q1.7) is reached when

> 3oke (a0 (=) llpe (71547 0,m2) ) = 0.

t=1i=1
Thus for t € [T] and i € [n;], we have:

g (2 = m) = py(2”

9]0

= m\sgi), O, m)
=m,0,m) X pt(zt(i)
Pt (&gi)‘@vﬂ)
T G U R
2%:1 pm’(sgi)) X Tm/

m (yt(i)lxgi), 9m) X Dm (xii)) X Ttm
ET]\;[’:I D (yii)|xgi)79m’) X P (xﬁ“) X Tt
oo (7 1500,0,) < (387)
Sty o (5717 0 ) % () ¢ T

o (41, 0,) x

M i i
Zm/zl Pm/ (yt( )|X§ )v 9m’> X Tm!

_ pt( :m,@,ﬂ't)

)

where (77) relies on Assumption 2. It follows that

(4 _

Pm (yt(i) ‘Xgi)v em) X Ttm

() =m) = pi () = m|s{),0,m) =

Z%’:l Pm/ (yﬁl) |)CIE’L)7 em/) X Ttm!

(71)

(72)

(73)

(74)

(75)

(76)

(77)

(78)

(79)

M-step. We maximize now £(0, 11, Q1.7) with respect to {©,I1}. By dropping the terms not depending on {©, I} in

the expression of £(0,I1, Q1.7) we write:

T ng M
£(6,11,Q1.7) = Z Z Z Qs (zt(z) = m) log p; (sgi), Z,Ei) = m|@,7rt> +c

t=1 i=1 m=1

(80)

(81)

(82)

(83)



Federated Multi-Task Learning under a Mixture of Distributions

IXM: a (zt(z) = m) |:10gp9m (yﬁi)\xgi)) + log th} + ¢,

where ¢ and ¢’ are constant not depending on {©, IT}.

Thus, for ¢t € [T] and m € [M], by solving a simple optimization problem we update 7, as follows:

it az) =m)

Ny

Ttm =

On the other hand, for m € [M], we update 6,,, by solving:

T ng
0., € arg minz th(z,gl) =m) xl (he(xgl)),y,@) .
0ER 37 =1

(84)

(85)

(86)

87)
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E. Details on Federated Expectation-Maximization

As mentioned in Section 3.2, under the following standard assumptions (see e.g., (Wang et al., 2020b)), FedEM (see Alg. 7)
converges to a stationary point of f. Below, we use the more compact notation (6; stz)) 2 1(hg (xgl)), yt(l)).

Assumption 4. The negative log-likelihood f is bounded below by f* € R.

Assumption 5. (Smoothness) For all t € [T| and i € [n,), the function 6 — 1(0; sgi)) is L-smooth and twice continuously
differentiable.

Assumption 6. (Unbiased gradients and bounded variance) Each client t € [T can sample a random batch £ from
S, and compute an unbiased estimator g,(0,§) of the local gradient with bounded variance, i.e., E¢[g,(0,8)] =

Loy Vol(6;s\") and Ee||g,(0,€) — - S Vol(0; s7)[|> < o2,

Assumption 7. (Bounded dissimilarity) There exist 3 and G such that for any set of weights oc € AM :
T ne M

n)| 1 s = ON( 2 21T ONIE
BE S IEERICEL] IS FOI IO SR UE D B ()

t=1 i=1 m=1 t=1 i=1 m=1

Assumption 7 limits the level of dissimilarity of the different tasks, similarly to what is done in (Wang et al., 2020b).
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F. Fully Decentralized Federated Expectation-Maximization
F.1. Fully Decentralized Algorithm

In some cases, clients may want to communicate directly in a peer-to-peer fashion instead of relying on the central server
mediation (see Kairouz et al., 2019, Section 2.1). In fact, fully decentralized schemes may provide stronger privacy
guarantees (Cyffers & Bellet, 2021) and speed-up training as they better use communication resources (Lian et al., 2017;
Marfoq et al., 2020) and reduce the effect of stragglers (Neglia et al., 2019). For these reasons, they have attracted significant
interest recently in the machine learning community (Lian et al., 2017; Vanhaesebrouck et al., 2017; Lian et al., 2018; Tang
etal., 2018; Bellet et al., 2018; Neglia et al., 2020; Marfoq et al., 2020; Koloskova et al., 2020). We refer to (Nedi¢ et al.,
2018) for a comprehensive survey of fully decentralized optimization (also known as consensus-based optimization), and to
(Koloskova et al., 2020) for a unified theoretical analysis of decentralized SGD.

We propose D-FedEM (Alg. 3 in App. 1.2), a fully decentralized version of our federated expectation maximization algorithm.
As in FedEM, the M-step for © update is replaced by an approximate maximization step consisting of local updates. The
global aggregation step in FedEM (Alg. 1, line 13) is replaced by a partial aggregation step, where each client computes
a weighted average of its current components and those of a subset of clients (its neighborhood), which may vary over
time. The convergence of decentralized optimization schemes requires certain assumptions to guarantee that each client can
influence the estimates of other clients over time. In our paper, we consider the general assumption in (Koloskova et al.,
2020, Assumption 4)

Assumption 8 (Koloskova et al. (2020, Assumption 4)). Symmetric doubly stochastic mixing matrices are drawn at each
round k from (potentially different) distributions W* ~ W¥ and there exists two constants p € (0, 1], and integer T > 1
such that for all = € RM*4XT and all integers | € {0,...,K/T}:

E|=Wi —=]% < (- p) 2 -5 )

where W, . L wlhr—1  wir 2 4= 171;’ and the expectation is taken over the random distributions Wk ~ Wk,

Assumption 8 expresses the fact that the sequence of mixing matrices, on average and every 7 communication rounds, brings
the values in the columns of = closer to their row-wise average (thereby mixing the clients’ updates over time). For instance,
the assumption is satisfied if the communication graph is strongly connected every 7 rounds, i.e., the graph ([T, ), where
the edge (4, j) belongs to the graph if wl}fj > 0 forsome h € {k+1,...,k+ 7} is connected.

Under Assumption 8 and some other standard mild assumptions, D-FedEM converges to a stationary point of f.
_ao_

Theorem F.1. Under Assumptions 1-8, when clients use SGD as local solver with learning rate 1 = \/0? D-FedEM’s
iterates satisfy the following inequalities after a large enough number of communication rounds K :

1 K _ 1 1 K 1
G Ever @ <o( =) oY kel <o(g). oo
k=1

=~ T . o . . . N
where OF = @k%. Moreover, individual estimates (@f) converge to consensus, i.e., to ek

1<t<T

T
. N2 1
min Y0t -6t <oz ).

t=1
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G. Reminder on Basic (Centralized) Surrogate Optimization

In this appendix, we recall the (centralized) first-order surrogate optimization framework introduced in (Mairal, 2013). In
this framework, given a continuous function f : R? — R, we are interested in solving

mnin, f(6)

using the majoration-minimization scheme presented in Alg. 2.

Algorithm 2 Basic Surrogate Optimization

Input: #° € R?; number of iteration K

for iterations k = 1,..., K do
compute g*, a surrogate function of f near #*—1
update solution: 6% € arg min g* (6)

end for

This procedure relies on surrogate functions, that approximate well the objective function in a neighborhood of a point.
Reference (Mairal, 2013) focuses on first-order surrogate functions defined below.

Definition G.1 (First-Order Surrogate (Mairal, 2013)). A function g : R? — R is a first order surrogate of f near % € R?
when the following is satisfied:

* Majorization: we have g(6') > f(0') for all ¢ € arg mingpa g(6). When the more general condition g > f holds,
we say that g is a majorant function.

* Smoothness: the approximation error r £ g — f is differentiable, and its gradient is L-Lipschitz. Moreover, we have
r(6%) = 0 and Vr(6F) = 0.
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H. Federated Surrogate Optimization
In this appendix, we give more details on the federated surrogate optimization framework mentioned in Sec. 3.2.

Our novel federated surrogate optimization framework minimizes an objective function (u, vi.7) — f (u, vy.r) that can
be written as a weighted sum f (u,vy.7) = Zthl w fi (u, v¢) of T functions. We suppose that each client ¢ € [T'] can
compute a partial first order surrogate of f;, defined as follows.

Definition 1. [Partial first-order surrogate] A function g(u,v) : R% x V — R is a partial first-order surrogate of f(u,v)
wrt u near (ug, vo) € R x V when the following conditions are satisfied:

forallu € R% and v € V;
— f(u,v) is differentiable and L-smooth with respect to u. Moreover, we have r(ug, vo) = 0 and

Under the assumption that each client ¢ can compute a partial first order surrogate of f;, we propose algorithms for federated
surrogate optimization in both the client-server setting (Alg. 5) and the fully decentralized one (Alg. 9). Both algorithms
are iterative and distributed: at each iteration k > 0, client ¢ € [T] computes a partial first-order surrogate gf of f; near
{uF=1, v~} (resp. {u} ', vy '}) for federated surrogate optimization in Alg. 5 (resp. for fully decentralized surrogate
optimizatlon in Alg 9).

The convergence of those two algorithms requires the following standard assumptions. Each of them generalizes one of the
Assumptions 4—7 for our EM algorithms.

Assumption 4. The objective function | is bounded below by f* € R.
Assumption 5. (Smoothness) For all t € [T] and k > 0, gF is L-smooth wrt to u.

Assumption 6'. (Unbiased gradients and bounded variance) Each client t € [T can sample a random batch & from S;
and compute an unbiased estimator ¥V wgr (u, v; €) of the local gradient with bounded variance, i.e., E¢[Vugr(u, v;€)] =
Vg (0,v) and E¢||Vugy (0, v;€) — Vugf (u,v)|> < o*.

Assumption 7'. (Bounded dissimilarity) There exist 8 and G such that
T 2 T 2
Zwt. Hvugf(u,v)H §G2+62H2wt~vugf(u,v)H .

t=1 t=1

Under these assumptions a parallel result to Thm. 3.2 holds for the client-server setting.

Theorem 3.2'. Under Assumptions 4'=7', when clients use SGD as local solver with learning rate n = %, after a large
enough number of communication rounds K, the iterates of federated surrogate optimization (Alg. 5) satisfy:

K K
1 2 1 1 1
=Y E||Vaf (0 Vi) | < 0<ﬁ), =Y At Vi) < 0<3 4>, o1
Lt K Lt K3/
where the expectation is over the random batches samples, and A, f (u¥,v¥ ) £ f (u’C V’fT) f (u’C vf}l) > 0.

In the fully decentralized setting, if in addition to Assumptions 5’-7’, we suppose that Assumption 8 holds, a parallel result
to Thm. F.1 holds.

Theorem F.1'. Under Assumptions 4'-7' and Assumption 8, when clients use SGD as local solver with learning rate
n= \;—%, after a large enough number of communication rounds K, the iterates of fully decentralized federated surrogate

optimization (Alg. 9) satisfy:

1 K 1 K T 1
7 2 E[Vas (@, olp) | <0 (\/?) : ZZ ~dy (vi,vith) <0 (K) (92)
k=1 k: t=1
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k _ k

1 T k . &
T Y,_1 uf. Moreover, local estimates (u}

where 4 converge to consensus, i.e., tou":

)1gt§T

P33t <0 ().

=1t=1

The proofs of Theorem 3.2’ and Theorem F.1’ are in Sec. J.1 and Sec. J.2, respectively.
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I. Detailed Algorithms
L.1. Client-Server Algorithm
Algorithm 7 is a detailed version of Algorithm 1, with local SGD used as local solver.

Algorithm 5 gives our general algorithm for federated surrogate optimization, from which Algorithm 7 is derived.

Algorithm 3 FedEM: Federated Expectation-Maximization
Input: data S;.7; number of mixture distributions M ; number of communication rounds K'; number of local steps J
{Initialization }
for task ¢ = 1,...,T in parallel over T clients do
randomly initialize ©; = (0,,.¢)1<m<nr € RM*4
randomly initialize 79 € AM

end for
{Main loop}
for iterations k = 1,..., K do
sample Wk—1 ~ Whk—1
for tasks ¢t = 1,...,T in parallel over T clients do
for component m = 1,..., M do
{E-step}

for sample =1,...n, do
O ﬂ'fm-CXp(—l(hek (X§1))7y£1)))
|z =m) « m 5
Sy wen 1l (7))

tm

end for
{M-step}
Tk it an(jt(”:m)
9,’?;1/2 + LocalSolver(, §F-1, {qf (zt=m) } ol St, 1)
’ 1€ [Ny
end for
send an_ tl/ 2, 1 <m < M to neighbors

receive 95,; 81/ 2, 1 < m < M from neighbors s € N;

for componentm = 1,..., M do
T _ k—1/2
an,t — Zs:l wf,t . amxs/
end for
end for
end for

Algorithm 4 SGD solver used with FedEM
Input: number of iterations .J; 6; samples’ weights q1:|s| > data S
fortask j =0,...,J — 1do
sample indexes Z from 1,...,|S]
00— k15> ier 8- Vol (ho (x),yD)
end for
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Algorithm 5 Federated Surrogate Optimization

Input: u’ € Ré%; V0 = (v?)1 ciep € VT'; number of iterations K'; number of local steps .J
for iterations k = 1,..., K do
server broadcast uk’l, 1 < m < M to the T clients
for tasks ¢t = 1,...,T in parallel over T clients do
compute partial first-order surrogate function g% pf f, near {u*~', v~}
vF < arg min gF (uk_l, V)
vey
uf + LocalSolver(J, uffl, vffl, gf, S, wi)
client ¢ sends u¥ to the server

end for
client ¢ sends uf to the server
for componentm =1,..., M do
u Zthl wg - uf
end for
end for

Algorithm 6 SGD solver used with federated surrogate optimization

Input: number of iterations J; u; v; g
for task j =0,...,J —1do

sample batch £¢—1:

U< u— 11, - Vag (u,v, 1)
end for
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1.2. Fully Decentralized Algorithm
Algorithm 3 shows D-FedEM, the fully decentralization version of our federated expectation maximization algorithm.

Algorithm 9 gives our general fully decentralized algorithm for federated surrogate optimization, from which Algorithm 3 is
derived.

Algorithm 7 D-FedEM: Fully Decentralized Federated Expectation-Maximization
Input: data S7.7; number of mixture distributions M ; number of communication rounds K'; number of local steps J;
mixing matrix distribution W* for k € [K] {Initialization}
for task ¢ = 1,...,T in parallel over T clients do
randomly initialize ©) = (65, ;)1<m<n € RM*4
randomly initialize 70 € AM

end for
{Main loop}
for iterations k = 1,..., K do
server broadcast an‘ 11 <m < M tothe T clients
for tasks ¢t = 1,...,T in parallel over T clients do
for component m = 1,..., M do
{E-step}

for sample: =1,...n, do
: nk exp(—l(h, (x(i)),y(i))
gt (Zt(z) :m) - tm ( o Xt D0 ) :
Sy e il (7))

end for
{M-step}
ek

(i)
k 2ty 4 (2 =m)
Tim « ne

6% .« LocalSolver(, 651, {qic (2t =m) } il Sy)
€ ln,

m,t m

end for
end for
client ¢ sends 0% ,, 1 < m < M, to the server
for component m= 1,...,M do
0%, 23:1 o 'evkn,t
end for
end for

Algorithm 8 SGD solver used with D-FedEM
Input: number of iterations .J; 0; samples’ weights ¢;.|s ; data S; 7+
fortask 7 =0,...,J —1do
sample indexes Z from 1,. .., |S]
00— "1 Yz i Vol (ho (x©),y@)
end for




Federated Multi-Task Learning under a Mixture of Distributions

Algorithm 9 Fully-Decentralized Federated Surrogate Optimization
Input: u® € R%; V0 = (v})
WF for k € [K]
for iterations £k = 1,..., K do

sample Wk—1 ~ Wh—1
server broadcast uk’l, 1 <m < M to the T clients
for tasks ¢t = 1,...,7 in parallel over T clients do
compute partial first-order surrogate function g% pf f, near {u*~', vF=1}

vF < argmin gF (uk_l,v)

vey
k—1/2 1 ke
u; /%  Localsolver(J, uf v gk W

1<i<T € VT'; number of iterations K'; number of local steps .J; mixing matrix distribution

send uf 12 neighbors

. k—1/2 .
receive ug / , 1 <'m < M from neighbors s € N;
k T k—1 k—1/2
uf — Y Wey - Us
end for
end for

Algorithm 10 SGD solver used with fully decentralized federated surrogate optimization
Input: number of iterations J; u; v; g; wy
for task j =0,...,J — 1do
sample batch ¢¥—1:J
U< U—w Nr—1; - Vud (u,v,fk_m)
end for
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J. Convergence Proofs

We study the client-server setting and the fully decentralized setting in Sec. J.1 and Sec. J.2, respectively. In both cases, we
first prove the more general result for surrogate optimization and then derive the specific result for FedEM and D-FedEM.

In this section, for conciseness we do not use bold fonts to denote vectors.

J.1. Client-Server Setting
J.1.1. ADDITIONAL NOTATIONS

At iteration k£ > 0, we use uf ~19 to denote the j-th iterate of the local solver at client ¢ € [T, thus

w0 = ut (93)
and
T
ub = w ©4)
t=1

At iteration k > 0, the local solver’s updates at client ¢ € [T'] can be written as (for 0 < j < .J — 1):

k—1j+1 _ k-1 k (k=1 k=1, k=17
u, =u = Mk—1,j Vuly (ut » Vi 36t ) 95)

where §f ~17 is the batch drawn at the j-th local update of uf -

We introduce 11 = Z;}:—Ol Nk—1,;, and we define the normalized update of the local solver at client ¢ € [T] as,

J-1 k=1, k—1, k=1,
312 uffl’“’—uffl’o ijo 7]14:71,1"Vugéf <U-t 77"? b t 7) 96)
t —_ - = — B
MNk—1 ijol 77]6_11]'
and also define
J-1 k=1, k—1
el A 2 =0 Mh-15 * Vgt (ut 7, vy )
0y T = . 97
Mk—1
With this notation,
T
u -l =y Zwt . 5f_1. (98)
t=1
Finally, we define g*, k > 0 as
T
g  (wvir) = w - gf (u,vy). (99)
t=1

Note that g* is a convex combination of functions g¥, ¢ € [T].

J.1.2. PROOF OF THEOREM 3.2/

Lemma J.1. Suppose that Assumptions 5’7" hold. Then, for k > 0, and (nk,j)0<j<J_1 such that n;, £ Zj;ol Nhj <
min {ﬁ, ﬁ }, the updates of federated surrogate optimization (Alg 5) verify

_ T
¥ Vi) - f(uk_l’V’f-Tl) 1 k=1 _k—1\? 1 k=1 _k
E : : < —-E||Vuf (0", v — w-dy (Vi v
[ Mk—1 4 H ( LT)H le—lg t V( t t)
J=lp2
+2m_1 L Z%LJA o? + 4np_ L*G. (100)
k—1

=0
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Proof. This proof uses standard techniques from distributed stochastic optimization. It is inspired by (Wang et al., 2020b,
Theorem 1).

For k > 0, gk is L-smooth wrt u, because it is a convex combination of L-smooth functions gf, t € [T]. Thus, we write

g (uk V’le) _ gk (uk—l VllcT1> < <uk L Vagk (uk L, V}le)> + é Huk —uk- (101)

where < u,u’ > denotes the scalar product of vectors u and u’. Using equation (98), and taking the expectation over

random batches ( k=1 ]> we have

0<5<J—-1°
1<t<T

B [ot (ot i) ot (0t vt | <
T

. L
- ’%1“‘3<Zwt S0F T Vg v’fT1)> L o (102)
t=1
éTl éTQ
We bound each of those terms separately, For 77 we have
T
— E<Zwt SOF Vgt (uh v’le)> (103)
t=1
T
- E<Zwt (BF = aE ) Vg (v T1)>
t=1
T
+E<Zwt-551,vugk ( -t V]le)> (104)
t=1
Because stochastic gradients are unbiased (Assumption 6'), we have
E {85*1 - 55*1} =0, (105)
thus,
T
:E<Zwt‘5f_lvvu9k( o V’le)> (106)
t=1
1 2 d \ 1
k (k=1 k=1 k—1 k k—1
=5 | IVug" (0" i) | + E ;wt@ — 5B || Vug® (" i) Zwt 5! (107)
For T, we have for k& > 0,
T 2
—E (> w5 (108)
t=1
T T 2
=E| Y (87 o)+ Yo (109)
t=1 t=1
T 2 T 2
<2E Zwt-(éf—lfaf—l) +2E Y - o (110)
t=1 t=1
) . 2 . A T 2
=2 w}E Haf*l — 5,’:*1H +2 ) wthE<6fl — gkt gkt 55—1> +2E (> wio ! (111)
t=1 1<s#4t<T t=1
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Since clients sample batches independently, and stochastic gradients are unbiased (Assumption 6), we have

E<Sfl — okt gkt 5§—1> =0, (112)
thus,
T X ) T 2
T, <2 wi-Elof ! - 5{;—1H +2E | > widf ! (113)
t=1 t=1
2
T J—1 _ A ‘ ‘
=23 B | S B (g (uf T vET) - Vgl (T v el )] (114)
t=1 3=0 k-1
T 2
+2E Zwtaf—l (115)
t=1
Using Jensen inequality, we have
2
J—1 ' _ _ _
Yo ol {Vugf (uf_l’J,Vf_l) —~ Vgl (uf_l’J,Vf_l;Ef_l’J)} <
—y k-1
7=0
J— _ _ _ N
> b gt (ufH vE ) = Vagh (uf v g )| (116)
— k-1
7=0
and since the variance of stochastic gradients is bounded by o (Assumption 6'), it follows that
2
Jﬁlnkfl’ k—1,j _k—1 k-1, _k k—1,5
B |3 T [Tust (w7 = Vol (w7 i)
— TMk—-1
=0
J—1 ‘
< Blige 52, (117
=0 k=1
Replacing back in the expression of 75, we have
T T 2
T2g22w302+2n<: Zwt-éf_l (118)
t=1 t=1
Finally, since 0 < w; < 1, t € [T] and 23:1 w; = 1, we have
T 2
Ty <20° +2E | > w67 (119)
t=1
Having bounded 73 and 75, we can replace Eq. (107) and Eq. (119) in Eq. (102), and we get
. _ _ _ k— _ _ 2
E[gk(ukavlszl) - gk(uk 17V]1€:T1):| < _772 - Hvugk (uk 1’V]1C:T1)H +771%—1LU2
i d i
k—1 _
— 5 (L= 2Lmey) (B[} w07
t=1
Mk = 2
-1 k (k=1 k=1 k—1
+ 2 EHVug (uh=1, Vi) — ;wt . 8t H . (120)
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1
Asnp—1 < 2fL < 57, we have

E{gk(uk Vlle) gk(uk ! VIle)} < *m}_l Hvugk( ot VlT)H +77k 1LC’

ﬂkl

IEHVug ub=t vhoh) Zwték 1” (121)

Replacing V,g" (u V1 T ) Zt LWt - Vy gk (ukil, vf _1), and using Jensen inequality to bound the last term in the

RHS of Eq. (121), we have

k—1

B[t vt — o v < < [ (vt

T
Nk—1 . .
+5 ;wt-EHVugf(uk Lvhely Z gk 1” (122)

AT,

‘We now bound the term T3:

ngE’Vugf( v o 1H (123)
2
=B ||Vugf (u*, an Vgt (wf 7, vE) (124)
7=0
2
J—1 )
= | S [V (o7 i) = Vgt (i) (125)
2
€3 et [Dugt o) Vgt ()| 26
7=0

J—1
Mk—1,j 12 H k-1 k—u‘Q
<3 Bbipeg gt , (127)
— Mk—-1 t

where the first inequality follows from Jensen inequality and the second one follow from the L-smoothness of gF (Assump-
tion 5’). We bound now the term E Hu’“_1 - uffl’jH forj €{0,...,J—1}andt € [T],

112 . 2
E"u’f—l—u,’f—lﬂ :E‘uf_l’]—uf_l’OH (128)
_ 2
( k—1,0+1 571,1) (129)
=0
1 2
AR (w7 vt (130)
_ 2
< 2E an_u [Vugf (uffl’l,Vf‘l;fffl’l) — Vgt (uf ”,Vf‘lﬂ
=0
j—1 2
+2E (D ke uVugt( S 1) (131)
=0
2

k—1,1 k—l. k—1,1 k k-1, _k—1
uft ( » Vi agt >_Vugt (ut y Vi )

Jj—1
=2 Z Mi1,E|[V
1=0
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2

7j—1
+2E| Y k14 Vugf ( F v 1) (132)
=0
Jj—1 Jj—1 2
<2073ty + 2B || 1 Vagh (uf T V)| (133)
=0 =0

where, in the last two steps, we used the fact that stochastic gradients are unbiased and have bounded variance (Assumption 6).
‘We bound now the last term in the RHS of Eq. (133),

uJt ( Vf 1)
_ j—1 "
k—1,1
(znku) 3 vk ()
0 Zz' 0 k-1,

=0

j—1
Mk—1,1 k—1,0 _ k—1 2
M ) Y || Vag V)| (135)
(Z ) ZZ?/JOWM fuf)

'=0 =0

2

2
(134)

(S) S a1
() Bt o

T
(S S el (2

Bl () st (175

E ||Vt (u* vt

j-1 j—1
=2 <Z 77k1,l> 'anfl,l :
1=0 =0

B[ (st ) B ot
j—1 j—1 ) 9
<2 <Z77k1*l> Z’l?kfl,l IEHVugf( -1 Vf 1)“ +L2 uffl’l - llk_lH ] (140)
1=0 1=0
j—1 j—1 5
=21 (Z 77k1,l> > me14-E Huf‘” - uk_lH
1=0 1=0
j—1 2 )
+2 (Z nk_l,l> E || Vagr (0" vi |7, (141)
=0

where the first inequality is obtained using Jensen inequality, and the last one is a result of the L-smoothness of g;
(Assumption 5’). Replacing Eq. (141) in Eq. (133), we have

P RR A [EE DORER S

=0 k=1 =0 'k—1
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J—1 ) J—1 j—1 9
a3 (B ) (St
=0

Nk—1

j=0 1=0
J—1 0 j—1 2 )
k—1,5 _ _
va| e (Z'> B[Vt (v (142
=0 Nk—1 o
. j—1 k—1,1 k—1 2 J—1 k—1,5 k—1 2
Since Y /5 p—1, - E Hut —uy H <D0 Me-1, - E Hut —uy ‘ , we have
J—1 ' 12 J—1 -1
S et gt - g (S
=0 k=1 =0 k=1 9
J—1 - j—1 J—1 5
—1j -1 o—
+4L2 Zijznk—l,l . an—l,j EHuf 1,5 _uk‘ 1H
=0 Me=1 775 j=0
L, j-1 2 )
k—1,j - -
(S0 (Sw) | wrvat ol 143
im0 =1 1S
We use Lemma J.11 to simplify the last expression, obtaining
J-1 ‘ 9 J-1
Z’?kfl,y .EHuk—l _ gL H <9252 Z 771%71,]'
=0 M1 =0
) J-1 } 5
+4n; | -E HVugf (WPt vyt ™+ 4 L - Z ne—1,;E ’ uf i uk—lH . (144)
j=0

Rearranging the terms, we have

J—1 J-1
(g 22) - 3 ottt ] <002 I ST bt B Vagk (0 v

i—o Mk—1 =0
(145)
Finally, replacing Eq. (145) into Eq. (127), we have
J—1 )
(1—dni_\L%) - T3 <20°L- [ Y mp_y | +4np L -E || Vagf (0* 1 vi | (146)
§=0
For 7;_1 small enough, in particular if 7, _; < ﬁ, then 3 <1 —4n?_,L? thus
T g, 2
o S20°L% [ D niay |+ LB [ Vagy (v (147)
§=0
Replacing the bound of 75 from Eq. (147) into Eq. (122), we have obtained
0 ) J—1
. _ — k— _ —
gt (Vi) — o i) € R Vgt (v P oL [ Sty E b | o?
j=0
4 2
+ani L2 wi B Vagf (0w (148)

t=1
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Using Assumption 7/, we have

E[gk(uk Vllch) gk<uk717vllc}l)} < *MEHVugk (ukq’v/f?)”?

2
+477]%_1L262 ugt k 1 Vf 1)
J—1
2 L | Y o mp Lty | o + i L2GP (149)
§=0
Dividing by 751, we get
k(b k=1 k(,k—1 (k=1 8n2 I2B2_1
gL Var) 0 (0 Vi )] Bl T L g gt ut v
Me—1
J— 117
+ 2L | > ; AL 41| - o? an_ L2GR. (150)
, k—1
=0

For 7;,_1 small enough, if np_; < ﬁ, then 877 L% —1< % Thus,

k k k—1 k k—1 k—1
g (u V1T) g"(u VlT) 1 k(o k—1 k-1
IE[ }g—fE Vag* (uF1v
k-1 4 H g( 1T)H
+ 2np_1L § 77: RLEL Y S Iyl lec) (151)
N k—1
7=0

Since for t € [T, gF is a pseudo first-order surrogate of f; near {ukil, vf‘l }, we have (see Def. 1)

gf (u]c ! vf 1) = fi (uk ! vf 1), (152)
Vugf( B vE) = Vo f (uF T vEY) (153)
gt (u vf 1) =g, (uk vt) —l—dv( ,Vf). (154)
Multiplying by w; and summing over ¢t € [T], we have
o) = ), (155)
Vugk (uk ! v’le) Vu f( v]le) (156)
gk (uk v’le) = gk (uk,vlf:T) + Zwt - dy (vf_l,vf) . (157)
t=1
Replacing Eq. (155), Eq. (156) and Eq. (157) in Eq. (151), we have
E gk(uka"]f;T) — fuF! V]f Tl)
Nk—1 o
1
_ZEHvuf(uk 1 V]le - Zwt dy (vi~'vF)
Il
top L [N A L1 | o + 4t LG, (158)
=0 k=1

Using again Def. 1, we have
gk<ukﬁvllc:T) > f(uk7vlf:T)’ (159)
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thus,
E fu¥ vig) = fut! V]f Tl)
Mh—1 o
1
“leiv, —1 Yk 1 wr - d 7
4” f( ) Ukltzgtv ,5)
Rl
2L | Y 7’; S L1 o 4 and  LPGR (160)
; k—1
7=0
O
Lemma J.2. For k > 0 andt € [T), the iterates of Alg. 5 verify
0 <dy (vithvi) < fi (ub,vF) — fu(u®, viTh) (161)

Proof. Since vit! € arg min, cy gF (ukil, v) , and gF is a pseudo first-order surrogate of f; near {u*~', vF~'1, we have

gf (WP v = gf (uhhvE) = dy (v v, (162)

thus,
ft (uk_lvvfil) - ft (uk_lavf) > dV (Vfilavf) ) (163)

where we used the fact that

gf (WP Vi) = £ (0T v, (164)

and,
gf (W vE) = fy (WP V). (165)
O

Theorem 3.2'. Under Assumptions 4'=7', when clients use SGD as local solver with learning rate n = % after a large
enough number of communication rounds K, the iterates of federated surrogate optimization (Alg. 5) satisfy:

1 & 1 1 & 1
% ZJE [V f (uk7vlf:T)Hj, < O(\/R) , % Z]E (A, f(uk,vE )] < o(K3/4) , 91)
k=1

k=1

where the expectation is over the random batches samples, and A, f (u®,v¥...) 2 f (uk, Vlf:T) —f (uk v]f';l) > 0.

Proof. For K large enough, n = < = min {ﬁ, ﬁ }, thus the assumptions of Lemma J.1 are satisfied. Lemma J.1

e
<

and non-negativity of dy, lead to

E ok \ _ k—1 k—1 1
p[ft i) I g )] <L i v

+2nL (nL + 1) - 0> 4+ 4*n*L2G>. (166)

Rearranging the terms and summing for k& € [K], we have

k 2
KZEHW 1|
O v0p) = f(u®, v L(nL+1)-0° +2J*9*L*G?
§4]E{f(u Vl.T)JnIJ;(u Vl.T)}_'_Sn (nL +1) UK 7 (167)
f® V) — 1 L (L +1)- 0% + 2% L2G?
<
< 4]E[ v ] +8 - (168)
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Thus,
3 iE IVuf (@ Vi [P = 0 <1> (169)
K= VK
To prove the second part of Eq. (91), we first decompose A, 2 f (u®, vi ) — f (u¥,viE') > Oas follow,
Ay =f (uk,v’f:T) —f (u’chl v’f'}l) +f (uk+1 v’f}l) f (u’C v’f}l) (170)
ATk ATk

Using Eq. (100), and Eq. (169), it follows that

S, 1
EZ]E[Tl]go %) (171)
k=1
We use the fact that f is 2L-smooth (Lemma J.12) w.r.t. u and Cauchy-Schwartz inequality. Thus, for £ > 0, we write
T = £ (V) - F (Vi) (72
< [V (@ ViR [ =t 2L [t -t (173)

Summing over k and taking expectation:

1 & K
?ZE [TQk Z ||V f kol v’f"i})” HukJrl fukH]
k=1 k
K
+ e Y 2R [fukt -] -
k=1
1| &E o[
< K Z |:Hvuf (uk-s—l,v’f;}l)u } ZE |:Huk+1 _ukHQ
k=1 —
1 & )
2 227 E |[[utth =t (175)
o ]

where the second inequality follows from Cauchy-Schwarz inequality. From Eq. (145), with n,_; = Jn, we have for
t € [T]

]EHu]C —ufh JH <do?Jn® +8J%* - E Hvugf (ukil,v,]fC 1)||2. (176)
Multiplying the previous by w; and summing for ¢ € [T'], we have
T 5 T )
S Elfut w402 4 80 S W[ Vagh (o i (177)
t=1

t=1

Using Assumption 7’, it follows that

Vugr (W1 viTh)

T
2
> wl[utt - uf T[T < 4P (2067 + 02) + 8H°E (178)

Finally using Jensen inequality and the fact that g/’ is a pseudo-first order of f; near {u*~!,v; "'}, we have

2
Eutt = ut| < 4% (26 + 02) + 802 B%E | V. (w1 ViR | (179)
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From Eq. (169) and n < O(1/v/K), we obtain
I ¢ k—1 k|2
= 2 B[t —utf <o), (180)
k=1

Replacing the last inequality in Eq. (175) and using again Eq. (169), we obtain

S, 1
K;E[TQ]SO(K?)M). (181)

Combining Eq. (171) and Eq. (181), it follows that

1 & 1
7 2 E[Auf(h vip)] < O(W) : (182)
k=1

J.1.3. PROOF OF THEOREM 3.2

In this section f denotes the negative log-likelihood function defined in Eq. (6). Moreover, we introduce the negative
log-likelihood at client ¢ as follows

logp(81.10) ,
n

1 ;
fo(©,1) 2 - > log (s |0, ). (183)

i=1

Theorem 3.2. Under Assumptions 1-7, when clients use SGD as local solver with learning rate n = j—%, after a large
enough number of communication rounds K, FedEM’s iterates satisfy:

1 & 1
=Y E|Vef (6" 1Y)} < O(m) (11)
k=1
1 & A 1
EI;AHJC(@7H)SO e ) (12)

where the expectation is over the random batches samples, and A f(©F, T1F) £ f (@k, Hk) —f (@k, H’“‘l) > 0.

Proof. We prove this result as a particular case of Theorem 3.2’. To this purpose, in this section, we consider that V £ AM
u=0 €RM v, =m,and w; = ny/n fort € [T]. For k > 0, we define gF as follow,

ar (@, m) = nlti i qF (zt(z) = m) -(l (h@m (xii)),ygi)) — logpm(xgi)) —logm,

=1 m=1

+ log ¢F (zfi) = m) - c), (184)

where c is the same constant appearing in Assumption 3, Eq. (3). With this definition, it is easy to check that the federated
surrogate optimization algorithm (Alg. 5) reduces to FedEM (Alg. 7). Theorem 3.2 follows immediately from Theorem 3.2’,

once we verify that (gf ) 1 <4< Verify the assumptions of Theorem 3.2

Assumption 4’, Assumption 6’, and Assumption 7’ follow directly from Assumption 4, Assumption 6, and Assumption 7,
respectively. Lemma J.3 shows that for k& > 0, g* is smooth w.r.t. © and then Assumption 5’ is satisfied. Finally, Lemmas J.4—
1.6 show that for ¢ € [T g¥ is a partial first-order surrogate of f, w.r.t. © near {©*~!, m} with dy(-,-) = KL(-||"). O

Lemma J.3. Under Assumption 5, fort € [T and k > 0, gF is L-smooth w.r.t ©.
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Proof. gF is a convex combination of L-smooth function 6 — [(6; sgi)), i € [ny]. Thus it is also L-smooth.

Lemma J.4. Suppose that Assumptions 1-3, hold. Then, fort € [T], © € RM*4d gnd 7, € AM

1 &
rf (O.7) 2 gf (O.7) — /i (©.m) = = S KL (af () e (17164 0.7,) ).
i=1
where KL is Kullback—Leibler divergence

Proof. Letk > 0and t € [T)], and consider © € RM*? and 7, € AM, then

- 2.0 4 (Z'gi) - m> ' (_ logpm yt(i)|xgi)’9m) —log i (x}”) — log m

ng M
! v 1)) (@ i i
- ;Z Z f (Zt( ) = m) ’ (_1ngm yrg )|X§ )a9m> 'pm(xt )'pt (Zg) = m)
i=1 m=1
+ log qf zt(l) = m) >
ng M
1 ; ;
-3t (7 = ) (ot (4 =) =t (47,57 = ] 0.50)
i=1 m=1
k(1)
1 e M i q (Zt _ m)
PP (Zt():m> log ——=5-5
S Dt ( L2 = m‘(—)vﬂ-t)

sgi),zf) = m\@,wt)

1 & , Pt(
=——> > | (Zf@ = m) log )
g ar (Zt = m)
1 & ;
T Zlogpt <3§l)|9>7ft>
ti=1

~ 33 (0 =) (e (400m)
n (i mo)
af (215” = m)
e (16,m) ot (47— )

1 ng M )
=2 Xk (5 = m) log GG
t Dt (

3
t=1 m=1 EXO :m|@,7rt>

— log

(185)

(186)

(187)

(188)

(189)

(190)

(191)

(192)

(193)
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, k(&) _
= nlt 2> 4 (57 =m) -1og w - G -m) - (194)

zt(l) = m|s£l), o, ﬂ't)

ne

r( ZICﬁ(qt )lpe(1s”,€,m)) > 0 (195)

The following lemma shows that g¥ and g* (as defined in Eq. 99) satisfy the first two properties in Definition 1.

Lemma J.5. Suppose that Assumptions 1-3 and Assumptlon 5 hold. Forallk > 0 and t € [T, gF is a majorant of f; and
rF & gk — f; is L-smooth in ©. Moreover r¥ (@k_l,ﬂ't - ) =0and Veory (01, )~ ) =0.

The same holds for ¢*, i.e., g* is a majorant of f, v™* & g¢* — f is L-smooth in ©, r* (@kfl,ﬂkfl) = 0 and
Verk (041 TF-1) = 0

Proof. Fort € [T), consider ® € RM*? and 7, € AM, we have (Lemma J.4)
r(O,m) 2 gf (O,m) — f1 (6 Z KL (af (7)) e (47154, ©,7.)) (196)
Since KL divergence is non-negative, it follows that gF is a majorant of f;, i.e.,
VO eRY m e AM; gf (0,m) > fi (0, m) (197)
Moreover since, gF (zgi)) =Py (z,gi) |s§i), okt ﬂf_1> for k > 0, it follows that
A (SR A ) (198)
For i € [n:] and m € [M], from Eq. 79, we have

Pm (yﬁi)ngi),Hm) X Tm

(1) (7)
Dt (zt = m|s; ,@,m) = P (199)
27]\7{/:1 Pm’ (yzg )‘Xz(t )70771’) X Tm!
exp [—l (hgm( (1)) yg ))] X Tm
- N () (200)
Zm’:l exp |:7l (hQ ’ (Xt )ayt ):| X Ttm!
exp {—l (hgm( ) (i)) + log 7Ttm:|
= @ ) (201)
D=1 €XP [—l (heml( DR ) + log mm/]
Thus,
. . ]\/1 . .
KL (qé€ (zl-(t)) |lpe (z52)|s§1),®,7rt)) = Z qr (zi(t)) . (logq ( (¢ )) +1 (hgm (XEZ)),ygz)) —log 7Ttm>
m=1
L-smooth, because convex combination of L-smooth functions
M . .
+log ( >~ exp |1 (o, (x").4”) +log mm/}) . (202)
m’=1

For ease of notation, we introduce

L) 21 (hg(xg“),yt@) . BeRY, me[M] icn (203)
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9 (0) 2 e (47 = mis? 0,7 ), me M), (204)
and,
M .
AOE 10g<2 —exp [~ (ho,,, (x{"), ") +1ogmm/}>, i € [nd). (205)
m’=1

To prove the L-smoothness of 7%, it is enough to prove that @;, i € [n;] is L-smooth. Fori € [n;], function I; is differentiable
because smooth (Assum. 5), thus, ¢; is differentiable and its gradient is given by

Vo, i (©) =vm (©) - VI (01), m € [M] (206)

We also know that v,,, m € [M] is differentiable as the composition of the softmax function and the function
{© — —1; (©) + log T4y, }. Its gradient is given by

{ vG TYm (@) = —Tm (9) (1 — Tm (9)) ! VZ’L (6m) (207)

Vo, m (0) = Ym (©) ymr (©) - Vii (Om) ; m’ #m

m

We use H (¢; (0)) € RIM*IM (resp. H (I; (6))) to denote the hessian of ¢ (resp. ;) at © (resp. #). The hessian of ¢; is a
block matrix given by

(i ©)) =3 (0)- (1 =7 (0)) - (VEiBn)) - (VEi(0))T +7n(€) - L (1 (01))
(i (0)) =7 (©) s (©) - (ViO)) - (Vi(0)) ' £ m.
’ (208)
We introduce the block matrix H € R *4M _ defined by
{ Hm = =7 (0) - (1 = ¥m (©)) - (VIi(0m)) - (VIi(6:))" 209)
H,m = m (©) - Ym (©) - (Voli(0m)) - (Vli(am/))T ; m' #m,
Eq. (208) can be written,
(H:(0)  ~Hpp =7n(©) H (L (0))
m,m ) (210)
(H (QOZ (9)) )m,m’ - Hm,nL’ = 07 m’ # m.

We recall that a twice differentiable function is L smooth if and only if the eigenvalues of its Hessian are smaller then L, see
e.g., (Nesterov, 2003, Lemma 1.2.2) or (Bubeck, 2015, Section 3.2). Since [; is L-smooth (Assumption 5), we have for
6 € R4,

H (i (0) < L-Ia. @11

Using Lemma J.15, we can conclude that matrix H is semi-definite negative, thus

H(p;(0)) S L-Iaum- (212)
The last equation proves that ¢; is L-smooth. Thus rF is L-smooth with respect to © as the average of L-smooth function,
ie.,
1 &
SIC
ng <
=1
Moreover, since rF(©F 1 7~ 1) =0 and V@,H; r¥(©,m) > 0, it follows that ©F~! is a minimizer of

G (@,Wf 1)} Thus V@rt (©F1 a1 = 0.
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For © € RM*d and IT € AT*M e have

Tk (@7H) égk (®7H) _f(@?H) (213)
T
£y % [gr (©,m) — f (©,m)] 214)
t=1
T n
=> ;trf (©, 7). 215)
t=1

We see that r* is a weighted average of (rf Thus, rF is L-smooth in ©, r*(6,1I) > 0, moreover
r¥ (©F1,1I*"1) = 0 and Verf (051, 11*1) = 0. O

The following lemma shows that g¥ and g* satisfy the third property in Definition 1.

Lemma J.6. Suppose that Assumption 1 holds and consider © € RM*4 and 11 € AT*M | for k > 0, the iterates of Alg. 5
verify

T
g" (0,1 = g* (6,11") + 3~ ZLKL (nf my)

t=1

Proof. Fort € [T] and k > 0, consider © € RM*4 and r, € AM such that Vm € [M]; 74, # 0, we have

{;t ;qf (zt(l) — m)} x (log 7y, — log mem ) (216)

=n¢,, (Prop.3.1)

M
9t (©,m) —gr (©.7f) =

1

M k
k Tm
= > wf,log — (217)
m=1 tm
=KL (mf,m) - (218)

We multiply by 7+ and some for ¢ € [T7]. It follows that

T
k k ny k _ k
g" (6,11 )+t§:1 nICE (mf,m) = ¢" (©,1I). (219)
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J.2. Fully Decentralized Setting
J.2.1. ADDITIONAL NOTATIONS

Remark 2. For convenience and without loss of generality, we suppose in this section that wy; = %

We introduce the following matrix notation:

U* & [uf,... uf] e R%XT (220)
Uk 2 [aF,... u"] e R4XT (221)
8gk (Uk,vlf:T;fk) £ [Vuglf (u’f,v’f;gf) . .,Vuglf% (u’;’«,v:’“p;filﬁ)] € R%XT (222)

ck_ 1Tk S T
where u* = # ), u; and v{,, = (Vt)lgth ev

We denote by uffl’j the j-th iterate of the local solver at global iteration k at client ¢ € [T'], and by U¥~1J the matrix
whose column ¢ is uf —LJ , thus,
u 0 =ufl Uk = Ukt (223)
and,
T
uf =Y witutN Uk = Uk k! (224)
s=1

Using this notation, the updates of Alg. 9 can be summarized as
J-1

U = (UM =) 0" (UFH v €719) | W (225)
j=0

We also define, the normalized update of local solver at client ¢ € [T']as,

_ _ J—1 k (k=10 k. ¢ck—1]
. W b1 Zj:O Me—1,5 Vudy (ut , Vi €y

o-1a 1 t = — (226)
MNk—1 Zj:O 77k—1,j
and,
o s M1 Vgt (Uf*“,v{“)
A (227)
Mk—1
Because clients updates are independent, and stochastic gradient are unbiased, it is clear that
E [55—1 - 55—1} —0 (228)
and that
Vi s€[T]sts#t, BEF -5t k=1 — k1) =0 (229)
‘We introduce the matrix notation,
Th-1 2 [5’;’—1,...,8;2—1} e RUXT, kol & o=l gk1] e R%XT (230)

Using this notation, Eq. (225) becomes

Uk — [Uk—l _ Uk—lTk_l} W1 231)
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J.2.2. PROOF OF THEOREM F.1’

In fully decentralized optimization, proving the convergence usually consists in deriving a recurrence on a term measuring
. . . . . _ 2 . .

the optimality of the average iterate (in our case this term is E |V f (6*,v},;.)||") and a term measuring the distance to

consensus, i.e., £ Zt 1 Huf —u” || In what follows we obtain those two recurrences, and then prove the convergence.

Lemma J.7 (Average iterate term recursion) Suppose that Assumptions 5'-7" and Assumption 8 hold. Then, for k > 0,

and (nkaj)lgngfl such that n;, & ZJ 0 Mk,j < min { ONeTA SLﬁ } the updates of fully decentralized federated surrogate

optimization (Alg. 9) verify

T
_ _ 1
e R L RS oAy

Tl mil. £ (@F-1 vE=1) |2 31 L’ Ellb-1 _ gh—1]
- 8 H uf (u » Vi )H + T E Hut —u ||
=1

2 3 2
77 — -y 16n;_, L
k 1 4§: L Y R | 0—2+7’€T1 G2. (232)

Proof. We multiply both sides of Eq. (231) by % thus for k£ > 0 we have,

o 117 117

Uk = Ut — J’“W’“T, (233)
since W*~1 is doubly stochastic (Assumption 8), i.e., W 11 = 11T ‘g follows that,
_ _ N 117
Ur =0 = T (234)
thus,
Nk—1 a k—1
ko k-1 - Sk—
= — . 0. 235
u u T ; } (235)
Using the fact that ¢g* is L-smooth (Assumption 5'), we write
T
E|g" (uk v’le)] = Elgk <uk_1 — 771;1—1 S,’f—l,v}f}l> ] (236)
t=1
T
< gh @ vigh) - E<vugk<a'f-1,vi;1>, o Zéf‘1>
t=1
T 2
k-1 Sk—1
- > o (237)
t=1
1
= g" (@ Vg = E<Vug’“(uk1 Vi, TZ5f‘1>
t=1
27,
2 T 2
Moy L Sk—1
——F 0 238
272 ; K (238)
AT,

where the expectation is taken over local random batches. As in the centralized case, we bound the terms 7} and T%. First,
we bound 77, for k > 0, we have

T
1 A
T, = E<vugk(ﬁk—1,v’;;), 7 > 551> (239)
t=1
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T
_ 1 Sl _
—B(Vag (@) 1 30 (3 - )
t=1

=0, because ]E[éffl—gffl]=0

T
_ 1 _
+E<vug’f (v ,Tz(sf 1> (240)
t=1
1 T
= E<vug’“ (@ vig) 7 Zéé“> (241)
t=1
1 1|1 & ’
k(=k—1 k—1\]|2 k—1
:iEHVuQ (U 7v1:T)H +§E T;(St
1 1 & ’
- 5E Vag" (@1 Vi) - 7 sEt (242)
t=1
We bound now T5. For k£ > 0, we have,
T 2
T,=E|) o! (243)
t=1
T T 2
=E| > (St > e (244)
t=1 t=1
T 2 T 2
< 2E||} (Sf—l - 55—1) +2-E|> 6! (245)
t=1 t=1
T . 2 R R
—2.3 E Haf—l —a7 42 Y E <5f—1 gk gkt 5§1>
t=1 1<t#£s<T
=0; because of Eq. (229)
T 2
+2R Y ot (246)
t=1
T R ) T 2
=23 E 55*1—65*1“ +2-E|D 6 (247)
t=1 t=1
T 2 T (2 J-1 4
2wt 2 3 (R Sy [Vaok (w0
t=1 =1 \ k-1 §=0

k k=1, _k—1,6 k=1,
_vugt (ut » Vi [/

2
) . (248)

Since batches are sampled independently, stochastic gradients are unbiased and have finite variance (Assumption 6'), the
last term in the RHS of the previous can be bounded using o2, leading to

2

T ZL_]*I 772 . T
<2y |wf SN2 o B Y ot (249)
t=1 -1 t=1
T J-1 2 T 2
—9.02. Zw? . % +92E skt (250)
t=1 M—1 t=1
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2

T
<2.0°+2-E|> 5" (251)
t=1
Replacing Eq. (242) and Eq. (251) in Eq. (238), we have
B| o, vi7!) - o @t <
2
T
nk—lE V k (=k—1 k—1 2 Nk—1 1 2L E 1 6k_1
T H ugd (u VlT)H D) (1 —2Lnk-1) TZt
t=1
T 2
L, 2, k-1 k -1 k-1 1 sk—1
+ 010"+ 5 E | Vag (Wt v - TZ ! (252)
t=1
For 71 small enough, in particular for n_; < 2 7> We have
E|g*@",viz") — g" (@ vigh| <
Uk—lE koakh-1 k=112 . L o o
- [Vag® (@1 vig!)| + k10
2
MU z Vgl (@i ) <) @3
We use Jensen inequality to bound the lest term in the RHS of the previous equation, leading to
E|g"(@", viz) - g"@" 1 vigh | <
k=1 @ V. o (@k1 vl 2 Lo, 5
T H ud (u 7V1:T)H +T77k—1‘7
d 2
-1 e _ _
L S B[ gk (0 ) o o34
t=1
T3
‘We bound now the term 73,
= E |[Vug} (@1, vE1) = of (255)
2
J—1 k—
o ke ijonk—l,y"vugf( w vy 1)
=K Vugt( , Vi ) ” (256)
—1
2
—F an 1,j [ gF (@F1 vETY) = gk ( k=1 571)} . (257)
=0 Mk—1
Using Jensen inequality, it follows that
2
T, < Z U;k 1, EHVugf (@h1, vh- 1) = Vg ( k=L f—l)H (258)
1
§=0

an} 1,5 .

i g9t (o, w17~ gk (i)
7=0
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2
+ Vaugr (0~ vih) = Vugf (uf o, 5*1) (259)
2
<2-E||VagF (ﬁkil Vi 1) — Vgt (uf_l,vf_l)
J—1 ) 2
+2. 3 B | Vagh (uf v ) = Vgl (uf v (260)
j=0 'k—1
. 2
<2r? E|[ub! —ub|* 4 212 Z"’“ Lj EHuf_l’]—uf_l’OH , 261)

=0 Nk—1

where we used the L-smoothness of g (Assumption 5') to obtain the last inequality. As in the centralized case (lemma J.1),

. 2
k—1 k—1,
we bound terms Hut J—uy 0

Eq. (145) holds with u*~! with uf ", ie.,

, 7 €{0,...,J —1}. Using exactly the same steps as in the proof of lemma J.1,

(174771C 1L2 an 1]

2 J—-1
—-1,0 k—1,5 2 2
T H <2009 iy
Jj=0

=0 'k—1
2
+anf_y B[ Vagh (w0 v (262)
For 7,1 small enough, in particular for n_; < 5 fL,we have
J-1 , 12
an—l,J EHuf_l’o—uf_l’]
=0 M1
2 J-
<87y E||[Vagh (w0 v )| 4402 {302 (263)
=0

2
< Sy B[ Vgl (w70, v ) - gl (@1 v 4 Vgl (@)
J—1
> iy, (264)
7=0
2
<16nk 1 IEHVugt ( k—1,0 Vf 1) fVugf (ﬁkil,vf_l)H
+1607_; | Vagl (@51, viTH) * 4402 an . (265)
<1607 L2 E uf - a4+ 1652, - [[Vagl (@1 vEY) |

> oy (266)

where the last inequality follows from the L-smoothness of gF. Replacing Eq. (266) in Eq. (261), we have

TS S 327]/%_1[/4 -E Huf_l — ﬁk71H2 + 8L20'2 . Z 7]]%_17]'

2

+ 322 L2 -E | Vagh (@, vE Y|P + 222 B Jah ! — b, (267)
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where the last inequality follows from the L-smoothness of gF. For 1, small enough, in particular if 7, < AL

J—1

Ty < 6L°E |[uf ™ — o !|* +-82%0% Y ni_y ; + 3207, L2 || Vgl (a1, vF!

=0

Replacing Eq. (268) in Eq. (254), we have

E gk(ﬁk,vlf:}l) _gk(ﬁkfl Vllch) <

377k71L2 d k=1 —k—1012 77]%71[’ — LT 771%71 j 2
_— E — 4 —=+1
7 ; [Jug =" — a7 R R 7
_ o B 2 1677 L2 _ 2
_ 77k2 1 EHVugk (uk 1’V]1€:T1)H k 1 Z Hvugt 1 vf 1)” )

We use now Assumption 7’ to bound the last term in the RHS of the previous equation, leading to

E|gF(@*,viz") —gF @ 1 vizh| <

2 T 2
e DRI T R =L Py

1o (1—=32n2_,L2p? g
k-1 ( 277k 1 )EHVugk (@ VIfT1)||2+

For 731 small enough, in particular, if 751 < ﬁ, we have

E|g*(@", v — gF @t vigh | <

T

- 3nk—1L? -
— 77k4 L g HVugk (ﬁk—l V]le)HQ n 77le ZE Huf

t=1

— 16n7_, L?
77k 1L Z 1o Mi—1 a2,
=0

- T

We use Lemma J.14 to get

E Qk(uk V]le) f(ﬁk ! V]le) <

kalE v —k—1 _k—1\[2 3nk—1L? T]E k—1
g H uf(u ’VI:T)H +T'Z Hut

1677,?;_1L2
T

+77k 1L 42 M k-t g ) g2
7=0

G2,

Finally, since gf is a pseudo first-order surrogate of f; near {u*~!,

T
_ g _ 1 .
E|f(@",vig) = f@ 7 vigh)| <=5 ) Edv (viiviT)

717 y
J + 1 0,2
t=1 =0 k1

167}2_1L2
T

2

1 _ﬁk—1||2

—1112
_uk 1||

k—1
vi '}, we have

we have,

(268)

(269)

(270)

271)

(272)
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nk—l]E v k1 ke1y 2, 31 L? = Elluk—1 — gk! 2
e [Vuf (@1 v || +— Z [luf=! — a1
=1

2 J-1 2 3 2
M1 L L-n_4 j o, 6mp_ L7
—— | 4 —2 41|+ —G".

T JZ:;) Me—1 T

(273)

O

Lemma J.8 (Recursion for consensus distance, part 1). Suppose that Assumptions 5’7" and Assumption 8 hold. Consider
J—1 .
m = |E] —1, then, for k > 0, and (Mh,5) 1< j< g1 Such that £ >iZ0 My < min {ﬁ, ﬁ} the updates of fully

decentralized federated surrogate optimization (Alg 9) verify

d 2
B [[uf —ut|f, <
t=1
k—1

0= prE|u -0 (14 2) 2 5 e |0t - O

l=mTt

J—-1
2
+ 1+16L27-<1+p)- > iy ~T~02+16T< )T2G2Zm
=0

l=mTt

k—1
+16T< )T2ﬁ2 S RE|Vaf (@9, v |7

l=mt

Proof. Fork > 7,and m = HJ — 1, we have

T
k12 2
EY [[ui - o =E[U" - U,
t=1

—E|[U* - U™ + T - UF|[],
<E[us - 02
Using Eq. (231) recursively, we have
k-1 k-1 k-1
Uk :Um'r{ H Wl'} _ Z THY\Z {H Wl/}.
U'=mt l
Thus,

T ) 2
E Huk - ﬁkH <E

> |fuf —at| <

t=1 F

k—1
UmT{ H Wz'}_UmT Z”lTl{HWl} Z ( {sz'}
l'=mTt l=mTt U=l l=mTt U=l
k—1 k—1 k—1 2
-F UmT{ H Wl'} _gm _ Z anl {H Wl'}

l'=mTt l=mTt U=l F

k—1 k—1 k-1
Um‘r{ H Wl'} _[j-m‘r_ Z THY\Z{HWZ’}

U'=mTt l=mT1 U=l

F

S {fel]

+E

l=mTt

+2E<Umf{ ﬁ W”} _gm - ki mY! {’ﬁwl’}, kf m (Tl —Tl) {rfwl’} >F.

U'=mTt l=mt =l l=mT U=l

(274)

(275)

(276)
277)

(278)

(279)

(280)

(281)
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Since stochastic gradients are unbiased, the last term in the RHS of the previous equation is equal to zero. Using the
following standard inequality for euclidean norm with o > 0,

la+b|* < (1+a) [lal® + (1+a7") [b]?, (282)
we have
2
uk — ﬁkH < (283)
F
2 2
(14+a)E U"”{H WZ}U"” (14+a! Zmrl{nw}
U'=mr rF l=mT U=l F
k-1 k—1 2
+ 3 pE (Tl _ Tl) {H Wl } (284)
l=mT U=l F
Since k > (m + 1)7 and matrices (W') 1> are doubly stochastic, we have
(m+1)7—1 2
53t wp < asoor d T o] s 5 o]
U'=mt P l=mt
k=1 )
) HTI _ TZH 285
i l:ZmT nl B ( )
2
(m+1)7—1 ~ k—1 )
<(A+aE(Um™e I WP -U0m|| +(1+at)(k—mr) Y nE [T,
U'=mr F l=mT
k=1 )
2 Y
E HT -7 H 286
+ D . (286)

l=mT

Using Assumption 8 to bound the first of the RHS of the previous equation and the fact that that & < (m + 2)7, it follows
that

EZHutfukHF (1+a)(1—p)E U™ —T™ |3 +2r (1 4+~ anrHF ZUIQ]EHTZ rlH
l=mt l=mt

(287)

L2
We use the fact that stochastic gradients have bounded variance (Assumption 6”) to bound E HTl - 71! H as follow,
F

a 2
t — 0y (288)

TC
Bl -1 =3

Z"l” ( wgt*! (w7 Vi) = Vagl (w Vi ))H (289)

J-1
< i g (vug;“ (uiﬂ,vf 1) Vgt <uf el ))H (290)
=1 =0 '
T o1
< Z .5 o2 (291)
=1 j=0 I

—T.02 (292)
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where we used Jensen inequality to obtain the first inequality and Assumption 6’ to obtain the second inequality. Replacing
back in Eq. (287), we have

d 2
B [lut —u*, <
t=1

(14+a)(1-pE|U™ —U™"

k—1
12+ 2r (L +at) S B[54+ T 0> (293)
l=mt

The last step of the proof consists in bounding E HTl forl € {mr,...k—1},

I

T
E [T = > E ) (294)
=1
tT )
-3 E Z ”” Vagt! (ut ,vi) (295)
t=1
T J-1 5
<SS g |Gt (u v (296)
=1 j=0 '
T J-1_ 2
<D0 [ Vugt™ (wvE) - Vi (wvE) + Vi (ul V) (297)
t=1 j=0
ToJ-l 2
<2) 3 BLE||Vagl! (w7 V) — Vafi (uhvi))|
=1 j=0 I
d 2
+2) E||[Vafi (uf, vi)]" (298)
t=1
Since gH'1 is a first order surrogate of f near {ué, vi } we have
B[ < 222 M g |Gt (uf v1) — Vgl (w4
t=1 j=0
+2 Z]E [Vafe (ub,vh) = Vufi (@, vE) + Vafi (&, vE) )7 (299)
t=1
T J- 2
< ZZZ 7713 -E HV i+1 (ut ,vt) — Vugfﬁrl (uio,vi) ‘
t=1
2 d 2
+ 4Z]E IVafi (uf, vi) = Vafe (@, Vi) [T+ 4 E|Vafe (@', v (300)
=1 =1
Since f is 2L-smooth w.r.t u (Lemma J.12) and g is L-smooth w.r.t u (Assumption 5’), we have
) T J-1 9 T )
BT <2> Y T 2 w1622 ST E uf -
=1 =0 N =1
da 2
+4ZEHVuft @, v (301)
t=1

We use Eq. (266) to bound the first term in the RHS of the previous equation, leading to

T
E (T} < 320722 Y E||Vagl™ (@7, o) || + 1622 (1 + 2971 ZE ol — |

t=1
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T J—-1
+4) E||Vuf: (al,v§)|\2+8L2o—2-{Znﬁj}. (302)
j=0

t=1

Using Lemma J.14, we have

E [T < 41+ 1657 L) ZEHVuft( oI

t=1
T ) J-1
+16L° (3+2n7L%) - > Eljuf —u'||” +8L°¢*T- ¢ > ni; ¢ (303)
t=1 j=0
For 7; small enough, in particular, for 7; < ﬁ, we have
2 a 2 2 .,
E|TH[, <8 E||Vufi (0", oft")||” + 10L*E||U' = U'||,, + 8L%0°T ¢ > ni; (304)
t=1 j=0
Replacing Eq. (304) in Eq. (293), we have
d 2
B fur -t <
t=1
(1+a)(1 - p)E|[U™ — U™ |2, + 207 (1 + ) L? Z P E|U -TY|,
l=mTt
+167 (1 +a? Z " ZEHvuﬁ ot o |
l=mTt
J-1
+(1+16L2 7 (1+a ) -> ity 0 | T -0 (305)
§=0
Finally, using Lemma J.13 and considering oo = £, we have
d 2
B [juf -]l <
t=1
» B ) 9 k-1 o,
(1- 5)521[-3 U™ — 0™, + 207 (1 + p> L* > nE|U' -0,
l=mT
9 J-1
+ 1—|—16L27'<1+p)- > iy ~T~02+16T< >T2G2Zm
7=0 l=mt
o7 (14 2) 7 S B (Vf (o i) (306)

l=mt
O

Lemma J.9 (Recursion for consensus distance, part 2). Suppose that Assumptions 5’7" and Assumption 8 hold. Consider

m7 < k < (m + 1)7, then, for (nk,j)1<j<J,1 such that m;, = Z;];Ol M,; < min {ﬁ, ﬁ}, the updates of fully
decentralized federated surrogate optimization (Alg 9) verify

d 2
B [luf —u*, <
t=1
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k—1
(1+ )1+ E)FE|[Um — O™} + 20r (14+07) 12 Y P E[U' -0

l=mt

k—1
+<1+16L2 (14+a™! {anj})-T-02+167(1+a_1)T2G2Z77l2

l=mTt

P67 (14 ) T2 Y BV (o) (307)

l=mt

Proof. We use exactly the same proof as in Lemma J.8, with the only difference that Eq. (287) is replaced by

d 2
B [juy -t <
t=1

k—1

(1+a)E HU’"T — meTHfm + 27 (1 + cfl) Z nE HT HF
l=mt
k-1 o
+l_z n7E HTl - TlHF, (308)
resulting from the fact that {Hl(,"l jan)T wr } is a doubly stochastic matrix. O

Lemma J.10. Under Assum. 5'-7" and Assum 8. For ny ; = % with

, 1 p 1 P’
"= min { oL 2567L 16 \| 2472732 } ! (309
the iterates of Alg. 9 verifies
S Tk || 2 1 = 2 T
Y E[UF T, <5 D E[[Vuf (@ vig) | + 64A5K772. (310)
k=0 k=0

Proof. Using Lemma J.8 and Lemma J.9, we have and using the fact that p < 1, we have for m = Léj -1

i} 168 . .
E|[U* - T|f; < 1—*EHU”” U’”TH?+77L2772ZEHUZ—UZHQF (311)
l=mT
o { T (1o (17) ) o (14 ) )
402 (k—mm) = (1+8L2(1+2) ) +247 (1+ =)@ (312)
E D D
22
LT = 2
B > E|Vaf (@, v (313)
l=mT
(314)
and formr <k < (m-+1)T,
B0k~ OM < (14 D o - o4 e 3 ot o) @19
m 2 F p l=mT r
2 o? 2 2 2 2
402 (k—mm)d —= (1+8L2(1+2) ) +247r (1+ =) @G (316)
E P P

24
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2
T52 2 Z E||Vaf (@', vi)] (317)

l=mt

Using the fact that n < it follows that for m = LH -1

256 2567L°
: mT e || 2
EU* - U¥[[, < (1= U™ — U™ |} + 2= L7 2ZZM:TEHU1 o'l (318)
k—1 )
tnPA 2 /32 Y E|Vaf (@ V)| (319)
l=mTt
and formr <k < (m+1)71,
p mT rTmT 2
B Ut - 02 < 1+ D)5 Jum - o2+ 2 2%1@”{;1 o G20)
9 241 5 o 2
TP A+ == Z]EHVuf u,vhg)|” (321)
l=mT
The rest of the proof follows from (Koloskova et al., 2020, Lemma 14). O

Theorem F.1'. Under Assumptions 4'~7' and Assumption 8, when clients use SGD as local solver with learning rate
n= %, after a large enough number of communication rounds K, the iterates of fully decentralized federated surrogate
optimization (Alg. 9) satisfy:

K
1 2 1
=) E|Vuf (@ vig)[ <O () (322)
K i
and,
T
%ZZ Edv vf7 k+1) <0 (;{_) ; (323)
k=1 t=1
where a* = % Zle uf. Moreover, local estimates (uf)l << COnVerge to consensus, Le., to u":
*ZZEHut—"“H <<9< ) (324)
k=1t=1

Proof. We prove first the convergence to a stationary point in u, i.e. Eq. (322), using (Koloskova et al., 2020, Lemma 17),
then we prove Eq. (323) and Eq. (324).

Proof of Eq. 322. The result follows immediately from Lemma J.7 and Lemma J.10 by using (Koloskova et al., 2020,
Lemma 17).

Proof of Eq. 324.  We multiply Eq. (310) (Lemma J.10) by 72, and we have

1 & e e 1 & ek w2 64AT
TH;JEHU - UM, < m};mvuf (u ,vlzT)HFerKn , (325)

sincen < O (f) using Eq. (322), it follows that

(326)

N———

1 & o 1
7§ E|U* — U* <o(
Kk:1 H HF_ /K
Thus,

K T 5 1
R E e <o () o)
k: t=1

S
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Proof of Eq. 323. Using the result of Lemma J.7 we have
*Z]Edv Ut7vt ) E[f( 17v11€3‘1) f(uk vlle)‘|

s T
" 3Mk—1L ZE Huf;q B ﬁk_1H2

T
t=1
77k 1L Lomiyy, o 16mp_ L,
4 ’ —G-. 2
+ Z ot + — G (328)
The final result follows from the fact that n = O (%) and Eq. (324). O

J.2.3. PROOF OF THEOREM F.1

We state the formal version of Theorem F.1, for which only an informal version was given in the main text.

Theorem F.1. Under Assumptions 1-8, when clients use SGD as local solver with learning rate n = j—% D-FedEM’s
iterates satisfy the following inequalities after a large enough number of communication rounds K :

K 1 1 K T 1
Z]EHV@f (6F H'“)HF<O(\ﬁ>’ Ezzﬁm(wf,wt )<0(K> (329)
k: K "

where OF = ©F HT . Moreover, individual estimates (@f)

. ok .
1<i< CONVerge to consensus, i.e., to OF:

k k
IEIE]E;HG -6 HF<O(\/?)

Proof. We use exactly the same proof as in Appendix J.1.3, showing that D-FedEM can be obtained from fully decentralized
federated surrogate optimization. O
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J.3. Auxiliary Lemmas

Lemma J.11. Consider J > 2 and positive real numbers, n;, j =0,...,J — 1, then:

Proof. For the first inequality,

1 J—1 j—1 1 J—1 J—2 J—2
: {Uj'zm}ﬁzﬂ_ll'_ {7]3"2771}'2771- (330)

J—1
Zj:o M j=o

For the second inequality

J—1 7j—1 1 J—1 J—2 J—2
: {nj-Zn?}<Z“- {m-Zn?}:Zn?. (331)

J—1
Z]‘:O M j=o0

For the third inequality,

1 J—1 j-1 1 J—1 J—2 \?
Z‘TZ m"(Zm) ST 77]"(27”) (332)

=0 " j=0 1=0 =0 i  j=0 1=0

J—2 2

< nj (333)
7=0

J—1 J—2
< i+ ) 15 (334)

j=0 j=0
O

Lemma J.12. Suppose that g is a pseudo first-order surrogate of f, and that g is L-smooth, then f is 2L-smooth.
Proof. The difference between f and g is L-smooth, and g is L-smooth, thus f is L-smooth as the sum of two L-smooth
functions. 0

Lemma J.13. Consider f = ZZ;I Wy - fr, for weights w € AT. Suppose that for all {uo,vo} € R x V), and

0 .0 0 ., 0
t € [T), ft admits a pseudo first-order surrogate gt{Ll v} near {u®,v°}, and that g{“o"’o} = Zle Wy .gt{u v verifies
Assumption 7' fort € [T]. Then f also verifies Assumption 7'.

Proof. Consider arbitrary u, v € R% x V, and for t € [T, consider gt"V} to be a pseudo first-order surrogate of f; near
{u,v}. We write Assumption 7’ for gt®v},

T 9 T 2
> w Hvugt{"’v}(u,V)H <G?+ ﬁ2H D owr Vugt{“’V}(u,V)H : (335)
t=1 t=1
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{u,v}

Since g, is a pseudo first-order surrogate of f; near {u, v}, it follows that

T
E we *
t=1

Varitum)| <@+ 82 S Vastw|-
t=1

Lemma J.14. For k > 0, the iterates of Alg. 9, verifies

(8 < by - ut
and,
IVaf (@1 Vi) < 2| Vug® @ iz | —2L22w [t
and,
— 2 L k—1 2
[Fug® (81w < 2 Vs (@) 22 S ! —

Proof. For k > 0andt € [T], we have

9t< bt Vf_l) =

gt ( k— 1 k—l) +f (71971 k—l) 7ft (ﬁkfl’vic 1)
1

:ft(k_ )+Tt(k1 k?*)
= o (@ i) o (@) o (T v ey (T v
Since gf (uf ™', v; ) = fy (uy ", viT!), it follows that

g (0 vE) = o (V) ok () ok (v
Because rf is L-smooth in u (Lemma J.5), we have
rf (ﬁk 1 Vf 1) —rf (uic ! Vf 1) < <Vurf (uffl,vffl) ,ah ! —uf1>
B 112
S

Because g/ is a first order surrogate of f; near {uf ', vy "'}, we have Vurf (uy ", vi™!) =0, thus

gr (@ Vi) < f (@ Vi) + % ok = uf

Multiplying by w; and summing for ¢ € [T'], we have

g (a7 Vi) < f (0 Zthuk I

Writing the gradient of Eq. (340), we have
Vugt ( k=1 71) = Vauft (ﬁk_l,vffl) + Vurf (ﬁk_l,vffl) — Vurf (uffl,vffl)
Multiplying by w; and summing for ¢ € [T'], we have

Tugt (L vl) = Vs (vl 4

(336)

(337)
(338)
(339)

(340)

(341)

(342)

(343)

(344)
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+ Zwt urt 7v,’ffl) — Vurf (uffl,vffl)]

thus,
2
||vugk @tz | =
2
|| uf V1T +Zwt urf vk 1)7Vurf (uf_l,vf_l)]
2

ZEHVuf (ﬁk 1 V1T || — Zwt V rt , tfl)—Vurf (uf717vffl)]

> L 9ar @ VY | - Zwt [Vt (@51, vEY) = Vurk (b1, v |

> 1var @ v P —L2Zw ab1 =t
Thus,
T
| Vafe @ vEYP < 2| Vagh (@ vE " =222 e Jah - ub

The last equation, follows exactly like the second one.

Lemma J.15. Consider uy,...,uy € R and o = (v, ..., anr) € AM. Define the block matrix H with

H,,n=—0n (1—0am) uy-ul,
— T . !
Hm,m’ = O - Qup/ -~ Uy - um/a m 7é m,

then H is semi-definite negative matrix.

Proof. Consider X = [xy,...,xy] € R we want to prove that
XT-H-X<0.

We have,

M M
XT-H-X= E E X;rn . H’rn,m’ * X!

m=1m’'=1

M M
= E x;l'n . Hm,m ‘X + § x;l'n . Hm,m X/
m=1 m’=1
L m'#m
M M
— T
= g Q- (L= ) - XT - W - 0T Xy + E (- Qo - XT, - Wy - U, Xy )
m=1 m’'=1
L m/#m
M M
2
= E — Q- (1 - am) : <Xma um> + g - me um § m/ <Xm’7 um’>
m=1 m ‘=1
L m’'#m

(345)

(346)

(347)

(348)

(349)

(350)

(351)

(352)

(353)

(354)

(355)

(356)
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. M
Since o € AM we have Y 1 Qm = 1, thus,

XT-H - X = Z Qo (K Wy ) Z am/(<xm/,um/> <xm,um>>
m=1 m'=1
m’'#m
M M
- Z Qo <Xmaum> : Z Qo <<Xm'aum’> - <Xm;um>>
m=1 m’/=1
M 2 M
= (Z O <Xma um>> Z O <Xm7 um>
m=1 m=1

Using Jensen inequality, X7 - H - X < 0.

(357)

(358)

(359)
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K. Distributed Surrogate Optimization with Black-Box Solver

In this section, we cover the scenario, when the local SGD solver used in our algorithms (Alg. 5 and Alg. 9) is replaced by a
(possibly non-iterative) black-box solver that is guaranteed to provide a local inexact solution. We introduce the following
additional notation.

Yme(m,q) = %Zq(i) (zt(i) = m) X [logpm(xf)) + logﬂ}
i=1

n (360)
1 <& . ) )
B Zq(z) (zf@ = m) x log ¢¥) (z,@ = m) + ¢,
[y
and,
D Z 0D (A" = m) x4 (ho(x{"), 01" (361)
For distributions Q1.7 = (g¢)1<¢<T over [M],II € AT*M and © € RM*4, we define
M
7Tt lIt £ Z 1;[}mt thth @ (If Z ¢mt maQt
o . (362)
n n
HQ1T éz;f‘l/tﬂ't,(h ®Q1T éz#@r @th
t=1 t=1
It holds:
9t (0,7, q1) = 4 (0,q:) — Yy (74, q1) 5 g(0,11,Q1.7) = ®(0,Q1.7) — ¥(IL Q1.7) (363)

As we mentioned above, the black-solver provides approximate solutions, as captured by the following assumption,,

Assumption 9 (Local inexact solution). There exists 0 < « < 1 such that fort € [T] and k > 0,
where 7 (0) = & (©,¢f) for © € RM*? and ©f , € argmingpuxa PF (0).

We further assume strong convexity,

Assumption 10. Fort € [T] and i € [n], we suppose that 6 — 1 (hg ( (l)) ,yt(i)> is p-strongly convex.

Assum. 9 is equivalent to the y-inexact solution used in (Li et al., 2020) (Lemma. K.1), when local functions (®;), ., are

assumed to be convex. In addition to Assum. 9, we need to have G? = 0 in order to ensure the convergence of Alg. 7 and
Alg. 3 to a stationary point of f, as shown by (Wang et al., 2020b, Thm. 2).

We analyse Alg. 5 if the LocalSolver verifies Assum. 9, and we prove that under Assum. 4-Assum. 10, with G2 = 0,
Alg. 5 converges to a stationary point of f.

First, we prove the following result
Lemma K.1. Under Assum. 9, 5 and 10, the iterates of Alg. 7 verify for k > 0 and t € [T,

Ve O] < var|[ver @],
where Kk = L/ pu.

Proof. Since <I>f is L-smooth, we have
|VeF (0F)] < 2L (@} (6F) — @F (0F,)) (364)

< 2La (®F (0;7") — @) (©F,)) . (365)

Iz
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Since ®F is p-strongly convex, we can use Polyak-Lojasiewicz (PL) inequality,

_ 1 _

ot (0171) - 5. [Vt (") < af (61, (366

thus,
2 (@ (1°1) — @k (61,)) < |[vat (1) 2. Gen)

Combining Eq. (365) and Eq. (367), we have

[Vt (O[5 < o[ Vol (). G68)

thus,
[VeF(©OF)|, < Var|[Ver©-|, . (369)
O

Lemma K.2. Suppose that Assum. 5, 7, 10 and Assum. 9 hold, and that G? = 0. Then,
g (OFT1%) — gt (OF,T1%) <. x {4 (04, 11) — g* (8%,11%)}
where & = B2k% o

Proof. Fork > 0and t € [T], define ©F = arg ming ®* (0). ®F is y-strongly convex, because it is a convex combination
of the pu-strongly convex functions , we have

o - 0kl < - [Vt (6f) - Vet (64, (70
1
< L Iver @)+ HW’“ ©)# (371)
< va® |[va} @, + L ve (6, @7
where last inequality is a result of lemma K.1. Using Jensen inequality, we have
T
&%~ ek, ={ > (373)
t=1 F
a ny
<2, ek -etll; (374)
" n 1
ot o k (k-1 - k (ok
<30 {var vt (@, + Ivet (@), @75
Using Assum. 7, it follows that
|0 — 0%, < sval Vet (), + 2 [va (&), = pva’ [vat (o), @76
Since ®* is L-smooth (lemma J .3), we have
[Vor (&F)]| = [[Vor (6571) — Vot (e1)]| (377

< L|je*-ef|, (378)
< pvar |[vo* ()|, (379)
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Since ®* is strongly convex (Because of Assumption 10), we have

o (0F) = ot (0F) < o [Vt (0] < T war (k) 650
Using the L-smoothness of ®* (lemma J.3) we have
[vet (@[} < 22 (0F (0F") — @* (o)) @381)
Thus,
oF (OF) — ok (OF) < @ (@% (0% 1) — @k (eF)) (382)
Moreover, by definition, we have that
U (nf) £ W (nf, ") > 9 () (383)
Thus,
g" (6F,11%) — g (6F, 11%) < a x {¢" (6F 1, ") — ¢* (6F,11%)} (384)
O
Lemma K.3. Suppose that Assum. 1, 4, 10 and Assum. 5 hold and
gh(ek k) < gFek1 urF 1 k>0,
then
rF(eF,11%) 0 (385)
T
2 ICC(t,Wt )mo (386)
[Vort(©F,119)[;; ——0 (387)
If we moreover suppose that there exists 0 < & < 1 such that for all k > 0,
g" (0", I1") — g"(Of, I1") < a x {g*(e" 1, ") — gh(el, 11"},
then,
(S Y pm— (388)

where OF is the minimizer of © +— gF (@, Hk).

Proof. From Prop. .5 it follows that, for & > 0, g* is a majorant of f and that g¥(©*~1 IT¥=1) = f(©k=1 TI*~1). Thus,
the following holds,

f(@k,Hk) S gk(@k,Hk) S gk(@kflvl—[kfl) — f(@kflvnkfl), (389)

It follows that the sequence ( f (@k , Hk))
that (f (©F,11%))

4> IS @ non-increasing sequence. Since f is bounded below (Assum. 4), it follows

=0 18 convergent. Denote by f° its limit. The sequence (g* (0%, 11%)) =0 also converges to f°.
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Proof of Eq. 385 Using again the result of Prop. J.5 and the fact that g (0% TI¥) < gk(©F~1 TI*), we write for k > 0
F(OF,1TF) +rH(OF, 1) = ¢*(6F, 1T%) < g"(O" 1, II*71) = f(0F 71, II* ),

Thus,
rk@F 1I%) < f(OF 1 111 — f(eF 1), (390)

By summing over & then passing to the limit when k£ — +o00, we have

o
> orkek ) < £(0°0,11°) — £, (391)
k=1
Finally since r*(©F, I1¥) is non negative for k > 0 (Prop. J.5), the sequence (7”“ (eF )) x>0 hecessarily converges to zero,
ie., B
lim 7*(©F,11%) = 0. (392)
k—o0

Proof of Eq. 386 Using Lemma. J.6, with © = ©F~! and IT = II*~!, we write

T
Z % ﬂ_t’ﬂ_f 1) _ gk (@k‘—17Hk—1> _ gk (@k_17Hk) (393)
gk‘ (@k*l’nkfl) _ gk (@k71—[k) (394)
Thus,

L(ny,mf™) = f(OF LIt — f(6F 1) (395)

3 e

Since KL (7, m k= ') is non-negative for k > 0 and ¢ € [T7, it follows that

:\3

T
li k1) —
im nIC,C(t,W75 ) 0 (396)

k
—+0o0 -

Proof of Eq.387 Writing the L-smoothness of © — r* (©,11%) (Prop. J.5) we have

1
k (@k — £ Vert (0F,11%) ,Hk) k(OF,TTF) — — Hv@r (%, T)|I5, (397)
Thus,
1
|Vert (6,1, < 2L (rk (eF,1%) —r* (@’“ - 7 Ver® (65,11%) H’“)) (398)
< 2Lr" (0F,11%) (399)
because ¥ is non-negative function (Prop. J.5). Finally, using Eq. 385, it follows that
. kiok 17E\|[2
Jim [[Vrt(©F, )| = 0. (400)
Proof of Eq. 388 We suppose now that there exists 0 < & < 1 such that
k>0, ¢"(0F,11%) — g"(OF,11F) < & (¢ (e, 11" ) — g* (el 1Y), (401)

It follows that,
gF(OF, 1I%) — agk(eF 1, 1" 1) < (1 — a)g*(eF, 1), (402)
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then,
1
M (OL 1) > —— x [¢"(0", 11") —a x g"(O" 1, T )], (403)
and by using the definition of ¢g* we have,
1
9" (O, %) = 7= x [¢"(0", 1) —a x f(OF 1, "), (404)
Since {6’:, H’“} is a minimizer of gk, we have,
g" (0L, 1) < gH(OF 1, 1) = f(OF 1, 11" ) (405)
From Eq. 404 and Eq. 405, it follows that,
1
T X [¢F(OF,11F) —a x f(OF 1, 1IF 1) < g~Ok 1% < f(er 1 mF 1), (406)
Finally, since f (O~ II*~1) ——— f°°and ¢* (6%, 11*) ——— f°, it follows from Eq. 406 that,
k—+4o00 k——+o0
lim ¢* (0F,11F) = . (407)
k— o0
Since g* is p-strongly convex in © (Assum. 10), we write
Kok k(|2 k (ok 1Tk E (ok 1Tk
5 0% =0k, < g* (6%, 1) — g* (8%,11%), (408)
It follows that,
1i kE_ okl? _ 4
O

Finally, we can prove the main result of this section by combining the previous lemmas

Proposition K.4. Suppose that Assum. 1, 4, 5, 7, 10 and Assum. 9 hold, with G? = 0 and o <

federated surrogate optimization converges to a stationary point of f, i.e.,
2
lim ||[Vef(©F, 1", =0.
k—)—&—oo” ef( ) )HF

and,
T

. n k k-1
1 —KL =0.
k—ir-‘:l:loo n (ﬂ-t Tt )

Proof. For k > 0, we write
F(OF, 11%) = gF(OF, 1) — ¥ (6F, 11%)

Computing the gradient norm, we have,
[VF(OF M| = [|[Vg* (0", 1) — vrt(eF 1),
< [|vg* (@ )| + ||V (OF, 1) .

Since gk is L-smooth in ©, we write

[V*(©F, T4, = [[ V(6 IT%) — Vigh(ok, ),
<Ller ok,

521r€5' Then the updates of

(410)

A11)
412)

413)
414)
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Thus by replacing Eq. 414 in Eq. 412, we have

V5051, < 22 [0 - B2 + [[or¥(e¥, 1),

Using Lemma K.2, there exists 0 < & < 1, such that

[9°(0%,11F) — g" (0L, I1")] <@ x [¢"(eF 1, 1" ) — g*(ef,11)]

Thus, the conditions of Lemma K.3 hold in expectation, and we can use Eq. 387 and 388, i.e.

kEiak 1Tk (|2
IT —
RGO A—
e e
k—+oco
Finally, combining this with Eq. 415, we get the final result

: E 11k _
i [V(©4, 1)), =0
Moreover Eq. 386 leads to

T

. ny¢ _
lim —KL (ﬂ'f,ﬂ'f 1) = 0.
k—+o00 =1 n

(415)

(416)

417)

(418)

(419)

(420)
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Table 3. Datasets and models.

DATASET TASK CLIENTS TOTAL SAMPLES MODEL
FEMNIST HANDWRITTEN CHARACTER RECOGNITION 359 98,761 2-LAYER CNN
EMNIST HANDWRITTEN CHARACTER RECOGNITION 100 81,425 2-LAYER CNN
CIFAR10 IMAGE CLASSIFICATION 80 60,000 MOBILENET-V2
CIFAR100 IMAGE CLASSIFICATION 100 60,000 MOBILENET-V2
SHAKESPEARE  NEXT-CHARACTER PREDICTION 778 4,226,158 STACKED-LSTM
SYNTHETIC BINARY CLASSIFICATION 300 1,570,507 LINEAR MODEL

L. Details on Experimental Setup
L.1. Datasets and Models

In this section we provide detailed description of the datasets and models used in our experiments. We used a synthetic dataset,
verifying assumptions 1-3, and five "real” datasets (CIFAR-10/CIFAR-100 (Krizhevsky, 2009), sub part of EMNIST (Cohen
et al., 2017), sub part of FEMNIST (Caldas et al., 2018; McMabhan et al., 2017) and Shakespeare (Caldas et al., 2018;
McMahan et al., 2017)) from which, two (FEMNIST and Shakespeare) has natural clients partitioning. Below, we give a
detailed description of the datasets and the models / tasks considered for each of them. Table 3 summarizes datasets, models,
and number of clients.

L.1.1. CIFAR-10/ CIFAR-100

The CIFAR-10 and CIFAR-100 are labeled subsets of the 80 million tiny images dataset. They both share the same 60, 000
input images. CIFAR-100 has a finer labeling, with 100 unique labels, in comparison to CIFAR-10, having 10 unique
label. We used Dirichlet allocation (Wang et al., 2020a), with parameter o = 0.4 to partition CIFAR-10 among 80 clients.
We used Pachinko allocation (Reddi et al., 2021) with parameters o« = 0.4 and 5 = 10 to partition CIFAR-100 on 100
clients. For both of them we train MobileNet-v2 (Sandler et al., 2018) architecture with an additional linear layer. We used
TorchVision (Marcel & Rodriguez, 2010) implementation of MobileNet-v2.

L.1.2. EMNIST

EMNIST (Extended MNIST) is a 62-class image classification dataset, extending the classic MNIST dataset. In our
experiments, we consider 10% of the EMNIST dataset, that we partition using Dirichlet allocation of parameter o = 0.4
over 100 clients. We train the same convolutional network as in (Reddi et al., 2021). The network has two convolutional
layers (with 3 x 3 kernels), max pooling, and dropout, followed by a 128 unit dense layer.

L.1.3. FEMNIST

FEMNIST (Federated Extended MNIST) is A 62-class image classification dataset built by partitioning the data of Extended
MNIST based on the writer of the digits/characters. In our experiments, we used a subset with 15% of the total number of
writers in FEMNIST. For each one of them we kept 80% of the data for training and we kept 20% for test. We train the
same convolutional network as in (Reddi et al., 2021). The network has two convolutional layers (with 3 x 3 kernels), max
pooling, and dropout, followed by a 128 unit dense layer.

L.1.4. SHAKESPEARE

This dataset is built from The Complete Works of William Shakespeare and is partitioned by the speaking roles (McMahan
et al., 2017). In our experiments, we discarded roles with less then two sentences. We consider character-level based
language modeling on this dataset. The model takes as input a sequence of 200 English characters and predicts the next
character. The model embeds the 80 characters into a learnable 8 dimensional embedding space, and uses two stacked-LSTM
layers with 256 hidden units, followed by a densely-connected layer. We also normalized each character by its frequency of
appearance.
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Table 4. Average computation time and used GPU for each dataset.

DATASET GPU SIMULATION TIME
SHAKESPEARE QUADRO RTX 8000 4H42MIN
FEMNIST QUADRO RTX 8000 1H14MIN
EMNIST GEFORCE GTX 1080 Tr 46MIN
CIFAR10 GEFORCE GTX 1080 Tt 2H37MIN
CIFAR100 GEFORCE GTX 1080 Tr 3HIMIN
SYNTHETIC GEFORCE GTX 1080 Tt 20MIN

L.2. Implementation Details
L.2.1. MACHINES

We ran the experiments on a CPU/GPU cluster, with different GPUs available (e.g., Nvidia Tesla V100, GeForce GTX 1080
Ti, Titan X, Quadro RTX 6000, and Quadro RTX 8000). Most experiments with CIFAR10/CIFAR-100 and EMNIST were
run on GeForce GTX 1080 Ti cards, while most experiments with Shakespeare and FEMNIST were run on the Quadro RTX
8000 cards. For each dataset, we ran around 30 experiments (not counting the development/debugging time), Table 4 gives
the average amount of time needed to run one simulation for each dataset. The time needed per simulation was extremely
long for Shakespeare dataset, because we used a batch size of 128. We remarked that increasing the batch size beyond 128
caused the model to converge to poor local minima, where the model keeps predicting a white space as next character.

L.2.2. LIBRARIES

We used PyTorch (Paszke et al., 2019) to build and train our models. We also used Torchvision (Marcel & Rodriguez, 2010)
implementation of MobileNet-v2 (Sandler et al., 2018), and for image datasets preprossessing. We used LEAF (Caldas
et al., 2018) to build FEMNIST dataset and the federated version of Shakespeare dataset.

L.2.3. HYPERPARAMETERS

For each method and each task, the learning rate was set via grid search on the set
{10795,107,10715,1072,1072%,107®}. FedProx and pFedMe’s penalization parameter 1 was tuned via
grid search on {10%,10°,107*,1072,1073}. For clustered FL, we used the same values of tolerance as the ones used in
its official implementation (Sattler et al., 2020). We found tuning to1l; and tols particularly hard: no empirical rule is
provided in (Sattler et al., 2020), and the few random setting we tried did not show any improvement in comparison to the
default ones.
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Table 5. Test accuracy: average across clients.

DATASET LOCAL FEDAVG FEDAVG+H CLUSFTLERED PFEDME (FSI?ESN; D(_OFI?I]QD;E)M
FEMNIST 71.0 78.6 75.3 73.5 74.9 79.9 77.2
EMNIST 71.9 82.6 83.1 82.7 83.3 83.5 83.5
CIFAR10 70.2 78.2 82.3 78.6 81.7 84.3 77.0
CIFAR100 31.5 40.9 39.0 41.5 41.8 44.1 43.9
SHAKESPEARE 32.0 46.7 40.0 46.6 41.2 46.7 45.4
SYNTHETIC 65.7 68.2 68.9 69.1 69.2 74.7 73.8
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Figure 1. Effect of client sampling rate (left) and FedEM number of mixture components M (right) on the test accuracy for CI-
FAR10 (Krizhevsky, 2009).

M. Additional Experimental Results
M.1. Fully Decentralized Federated Expectation-Maximization

D-FedEM considers the scenario where clients communicate directly in a peer-to-peer fashion instead of relying on the
central server mediation. In order to simulate D-FedEM, we consider a binomial Erdés-Rényi graph (Erdos & Rényi, 1959)
with parameter p = 0.5, and we set the mixing weight using Fast Mixing Markov Chain (Boyd et al., 2003) rule. We report
the result of this experiment in Table 5, showing the average weighted accuracy with weight proportional to local dataset
sizes. We observe that D-FedEM often performs better than other FL approaches and slightly worst than FedEM, except on
CIFAR-10 where it has low performances.

M.2. Generalization to Unseen Clients

Table 4 shows that FedEM allows new clients to learn a personalized model at least as good as FedAvg’s global one and
always better than FedAvg+’s one. Unexpectedly, new clients achieve sometimes a significantly higher test accuracy than
old clients (e.g., 47.5% against 44.1% on CIFAR100).

In order to better understand this difference, we looked at the distribution of FedEM personalized weights for the old clients
and new ones. The average distribution entropy equals 0.27 and 0.92 for old and new clients, respectively. This difference
shows that old clients tend to have more skewed distribution, suggesting that some components may be overfitting the local
training dataset leading the old clients to give them a high weight.

M.3. Effect of M

A limitation of FedEM is that each client needs to update and transmit M/ components at each round, requiring roughly M
times more computation and M times larger messages. Nevertheless, the number of components to consider in practice is
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Table 6. Test and train accuracy comparison across different tasks. For each method, the best test accuracy is reported. For FedEM we
run only % rounds, where K is the total number of rounds for other methods—K = 80 for Shakespeare and K = 200 for all other
datasets—and M = 3 is the number of components used in FedEM.

DATASET LocAL FEDAVG FEDPROX FEDAVG+ CLUSTERED PFEDME FEDEM
FL (OURS)
FEMNIST 71.0(99.2) 78.6(79.5) 78.6(79.6) 75.3(86.0) 73.5 (74.3) 74.9 (91.9) 74.0 (80.9)
EMNIST 71.9(99.9) 82.6(86.5) 82.7(86.6) 83.1(93.5) 82.7 (86.6) 83.3(91.1) 82.7(89.4)
CIFAR10 70.2(99.9) 78.2(96.8) 78.0(96.7) 82.3(98.9) 78.6 (96.8) 81.7(99.8) 82.5(92.2)
CIFAR100 31.5(99.9) 41.0(78.5) 40.9 (78.6) 39.0(76.7) 41.5 (78.9) 41.8 (99.6) 42.0(72.9)

SHAKESPEARE  32.0(95.3) 46.7(48.7) 45.7(47.3) 40.0(93.1)  46.6 (48.7) 41.2 (42.1)  43.8 (44.6)
SYNTHETIC 65.7 (91.0) 68.2(68.7) 68.2(68.7) 689 (71.0) 69.1(85.1) 69.2 (72.8) 73.2 (74.7)

quite limited. We used M = 3 in our previous experiments, and Fig. 1 (right) shows that larger values do not yield much
improvement and M = 2 already provides a significant level of personalization. In all experiments above, the number of
communication rounds allowed all approaches to converge. As a consequence, even if other methods trained over M = 3
times more rounds—in order to have as much computation and communication as FedEM—the conclusions would not
change. As a final experiment, we considered a time-constrained setting, where FedEM is limited to run one third (= 1/M)
of the rounds (Table 6 in App. M.4). Even if FedEM does not reach its maximum accuracy, it still outperforms the other
methods on 3 datasets.

M.4. Effect of M in Time-Constrained Setting

Recall that in FedEM, each client needs to update and transmit A/ components at each round, requiring roughly M times
more computation and M times larger messages than the competitors in our study. In this experiment, we considered a
challenging time-constrained setting, where FedEM is limited to run one third (= 1/M) of the rounds of the other methods.
The results in Table 6 show that even if FedEM does not reach its maximum accuracy, it still outperforms the other methods
on 3 datasets.

M.5. Full Results

Figures 2 to 7 show the evolution of average train loss, train accuracy, test loss, and test accuracy over time for each
experiment.
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Figure 5. Train loss, train accuracy, test loss, and test accuracy for FEMNIST (Caldas et al., 2018; McMabhan et al., 2017).
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Figure 6. Train loss, train accuracy, test loss, and test accuracy for Shakespeare (Caldas et al., 2018; McMahan et al., 2017).
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