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Abstract

Federated Learning (FL) is an emerging learning
paradigm that preserves privacy by ensuring client
data locality on edge devices. The optimization
of FL is challenging in practice, due to the di-
versity and heterogeneity of the learning system.
In spite of recent research efforts on improving
the optimization on heterogeneous data, the ef-
fects of time-evolving heterogeneous data has not
been well studied. In this paper, we propose a
unified data heterogeneity setup by considering
time-evolving heterogeneity across edge devices
as the first step to capture the real-world FL sce-
narios. We introduce a new theoretical frame-
work, Continual Federated Learning (CFL), to
integrate different aspects of data heterogeneity
in both FL and conventional Continual Learning
(CL). Towards understanding the proposed novel,
realistic, yet difficult FL scenario, we design a
regularization-based algorithm CFL-R. We show
that CFL-R has a better convergence rate than Fed-
erated Averaging (FedAvg). Empirically, CFL-R
significantly outperforms other FL baselines and
can alleviate the issue of catastrophic forgetting.

1. Introduction

Federated Learning (FL) is a distributed machine learning
method that preserves privacy by ensuring client data lo-
cality on edge devices. As the workhorse algorithm in FL,
FedAvg performs multiple local stochastic gradient descent
(SGD) updates on the available clients before communi-
cating with the server (McMahan et al., 2017). However,
FedAvg suffers from the large heterogeneity (non-IID) in
the data presented on the different clients, which leads to
slow and unstable convergence (Karimireddy et al., 2020b).
To tackle this problem, a line of research has been pro-
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posed, which either simulates the distribution of the entire
dataset with preassigned weights of clients (Wang et al.,
2020; Reisizadeh et al., 2020; Mohri et al., 2019; Li et al.,
2020b) or adopts variance reduction techniques (Karim-
ireddy et al., 2020b;a; Das et al., 2020; Haddadpour et al.,
2021). However, all these methods assume a fixed data
distribution across clients over all training rounds, ignoring
the fact that this assumption does not always hold in prac-
tice: both random selection and users’ interaction can cause
time-evolving data heterogeneity.

Continual Learning (CL) is a closely related learning
paradigm on a similar time-evolving scenario: it aims to
learn from sequence data that are time-varying and incre-
mentally available (French, 1999; Kirkpatrick et al., 2017).
However, most of the prior CL works do not consider the
(distributed) collaborative learning, and the theoretical un-
derstanding of these CL works is quite limited.

In this paper, we consider the time-evolving heterogene-
ity across edge devices and propose a new framework to
capture the formulations of both classical FL and CL. We
propose a new regularization-based algorithm CFL-R, and
show its fast convergence (than FedAvg) theoretically and
empirically. Besides, we are the first to prove the conver-
gence rate of mini-batch SGD in CL scenario, whereas the
existing work, e.g., Yin et al. (2020b), only considers the
full batch gradient descent.

Contribution. As our key contributions, we

¢ introduce a new analysis framework, Continual Feder-
ated Learning (CFL), to formulate time-evolving hetero-
geneous data in FL;

* propose a new regularization based algorithm CFL-R
and show it empowers a better convergence rate than
FedAvg;

* give a novel convergence rate for mini-batch SGD in CL;

* show the fast convergence and robustness (to the catas-
trophic forgetting) of CFL-R over other FL. competitors,
through extensive empirical experiments.

2. Related Work

The theoretical analysis on the convergence of FedAvg
can date back to the parallel SGD analysis on the identi-
cal functions (Zinkevich et al., 2010) and recently is re-
fined by (Stich, 2019; Stich & Karimireddy, 2020; Patel &



Dieuleveut, 2019; Khaled et al., 2020; Woodworth et al.,
2020b). For the analysis on heterogeneous data, Li et al.
(2020c) first give the convergence rate of FedAvg on non-iid
datasets with random selection, and assume that the client
optimum is e-close. Woodworth et al. (2020a); Khaled et al.
(2020) give tighter convergence rates under the assumption
of bounded gradient drift.More recently, Karimireddy et al.
(2020b); Koloskova et al. (2020); Yang et al. (2021) give the
convergence analysis of local SGD for non-convex objective
functions under bounded gradient noise assumptions.

For Continual Learning, there exists a large number of
works. We concentrate on regularization based meth-
ods (Kirkpatrick et al., 2017; Li & Hoiem, 2017; Zenke
et al., 2017). However, the efforts on the theoretical un-
derstanding are limited. A very recent preprint (Yin et al.,
2020b) provides a viewpoint of regularization-based con-
tinual learning by formulating it as a second-order Taylor
approximation of the loss function of each task, which can
derive many existing algorithms.

To the best of our knowledge, the scenario of CFL first
appeared in Bui et al. (2018), and FedWelT (Yoon et al.,
2020) extends the regularization-based method to enable
learning a sequence of client tasks; however, their approach
has no theoretical guarantee. A more in-depth discussion of
related work is given in Appendix D.

3. Continual Federated Learning Framework
3.1. Scenarios with Time-Evolving Heterogeneous Data
In this section, we introduce two scenarios that will lead to
time-evolving heterogeneity.

1. Scenario 1 (S1: The difference between the clients se-
lected per round). In some federated learning scenarios,
thousands of clients will participate in the entire training
process, while we choose only a very small portion of
them in each round of training. Therefore, most of these
clients may participate in training only once. In this case,
for two consecutive rounds of training, the clients we se-
lected are likely to be unrelated, or even have completely
opposite preferences.

2. Scenario 2 (S2: The local datasets of the same clients
evolve). Even for the same clients, when users delete
old data or generate new data, the distribution of their
local datasets can also be different. For example, users
can generate different amounts of data in different times.
Besides, the proportion of the labels in the local datasets
may be different at different times.

The above-mentioned two scenarios lead to time-evolving
data heterogeneity, but with distinctions. In scenario S1, the
data heterogeneity comes from the different chosen clients
in different training rounds, while in scenario S2, the reason
for data distribution migration is that the client data often
changes over time. Note that both scenarios may co-exist
within real-world cases.

Due to the time-evolving data heterogeneity, the assumption
on the fixed data distribution (over time) in most of the ex-
isting work cannot precisely describe the above scenarios.
Thus, it is necessary to formulate a new optimization prob-
lem that can capture the time-evolving data heterogeneity
that emerged in the training process.

3.2. Formulation
Conventional Federated Learning. The conventional
FL normally minimize a sum-structured distributed opti-

mization problem f : R? — R, of the form
= mingege [f@) == S pifilw)] .M

where the components f;(w) : R? — R are distributed
among N nodes/clients and are given in a stochastic
form: f;(w) := Ep, [Fi(w)] on node i € [N]. In
each communication round of FedAvg, the node/client
1 receives the model parameters from the server,
and performs K local SGD update steps in the form of
Wik = Wi ik—1—M(Vfi(Weik—1)+V¢4k—1) with local
step-size 77; and gradient noise v/ ; ;,—1. Then the client com-
municates its update Aw; ; = w; ; k — w; with the server

for the model aggregation: w;4+1 = wy — %9 Zf\; Awy ;.

Continual Federated Learning. Notice that the above
FL formulation cannot precisely capture the fact that local

client data often changes over time in real-world scenario.
Considering the time-evolving heterogeneous data, we for-
mulate the true objective function of CFL as below.

F@) =E[fei@)] =D > peifeilw), 2

t=1 i=1

where f;;(w) is the local objective function of client 4
on round t. Note that the CFL formulation integrates the
generic forms of both FL. and CL formulations. Setting
T = 1 reduces to the generic form of FL formulation, due
to the fixed local datasets (across time), while N = 1 re-
covers the generic form of CL formulation for a centralized

model.

In practical, in round ¢, we can’t get access to local datasets
of round 7 for any 7 > ¢. Thus, the objective functions we
indeed optimize in round ¢ is,

ftz(w) = Zpr,ifm(w) ) 3)
T=1
— N —
fe(w) =" fri(w). “
i=1

Here f; ;(w) denotes the local objective function of round ¢,
while f;(w) denotes the global objective function.

In scenario S1, clients will only appear once in training
procedure. In scenario S2, users have rights to delete old
data. Thus, we can’t always get access to local datasets of



previous rounds. To tackle this difficulty, inspired by the
regularization based techniques (Yin et al., 2020a) in CL,
we use the second order form of Taylor series expansion to
approximate the local objective function of round ¢. Then
to approximate f; ;(w), we introduce f; ;(w).

fri(w) = prifr.i(w)
+ pr,i (f‘r,i((;'f,i) + vf‘r,i (‘;’T,i)T(w - d"r,i))

T=1

t—1
+ Tzz:lpf,i (%(w - d)T,i)TI:IT,i(w - ‘;)T,i)> ) (5)
B N
frlw) = fri(w), (©)
i=1

where w, ; denotes the parameters of client 4 at the end
of round 7, and @, ; = w,; k if we have K local epochs
each round. Similarly, I:Im- denotes the hessian matrix of
client ¢ at the end of round 7, and I:Im» = H,; i if we
have K local epochs. f; ;(w) approximate f; ;(w), while
fi(w) approximate fy(w). When t = T, f,;(w) is an
approximation of f(w).

There already exists some methods to approximate the Hes-
sian matrix. For classification tasks considered in our nu-
merical evaluation, our approximation follows Kirkpatrick
et al. (2017) and uses Fisher Information Matrix.

Information loss. Notice that during the procedure of
CFL, the exact Hessian matrix calculation is unavailable
and changes over the time. These result in the discrepancy
between the estimation and true objective function, which
further hinders the optimization. In the following section,
we refer it as the information loss, and provide an in-depth
discussion.

Definition 3.1 (Information loss). Suppose f“(w) defined
in (3), and we use fi.i(w) defined in (5) to approximate
ft.i(w). Then we define the information loss as

Api(w) = Vii(w) — Vii(w).

3.3. Distribution drift

Gradient Noise in SGD. In order to analyze the formu-
lated problem, here we introduce the formulation of the
distribution drift between clients and rounds. We first recap
the standard definition of the gradient noise in Sammut &
Webb (2010); Gower et al. (2019).

Definition 3.2 (Gradient noise). For objective function
f(w), we define the gradient with stochastic noise as

where g(w) is the stochastic gradient, and v is a zero-mean
noise.

Gradient drift in traditional FL. In FL with heteroge-
neous client data, the idea of using gradient noise to simu-
late the distribution drift over clients has been widely used
in Karimireddy et al. (2020b); Khaled et al. (2020); Li et al.
(2020c¢), which is formulated below

Viw) = Vfi(w) +8i,

where f;(w) is the local objective function of client 7, and
flw) = ZZ\; p; fi(w) is the global objective function we
want to optimize.

Gradient drift in FL. with Time-Evolving Heteroge-
neous Data. In this paper, we consider the scenarios of
time-evolving heterogeneous data (c.f. Section 3.1), which
could be caused by either distribution drift over clients, or
inter client drift. Thus, in our formulation (Definition 3.3),
we consider both drift between clients and drift over rounds.

Definition 3.3 (Distribution drift). Considering the drift
over both clients and rounds for time-evolving heteroge-
neous client data, we define

Vf(w) =Vifii(w)+ 8 + £iis

where f, ;(w) is the local objective function of client i on
roundt, f(w) = E[f;;(w)] is the global objective function,
0y is the drift over clients, and &, ; is the drift over rounds.
Note that 6. ; remain same for same clients. In scenario S1,
clients will only participate in training once, thus, § can
be independent to each other. However, in other scenarios,
different 8. ; can be correlated.

3.4. Assumptions
This section introduces the assumptions we will use in the
theoretical analysis.

Assumption 1 (Smoothness and convexity). Assume local
objective functions fy; are L—smooth, and in some condi-
tions, p—convex. If a function fy; is both L—smooth and
p—convex, then it satisfies 5= ||V fy.i(x) — Viay)? <
fri(x) = fri(y) = Vfii(x)" (x —y), and L > pu.

Assumption 2 (Bounded noise in stochastic gradient). Let
gti(w) = Vfii(w) + vi4k where vy 1 is the noise in
stochastic gradient of client i on round t at k-th local itera-
tion. We assume that E [v|w] = 0. In SGD, we use g; ;(w)
instead of fi ;(w) for gradient descent. We further assume

that E [HVHQ |w] <o

Except these two regular assumptions, we also introduce
the assumptions to bound the distribution drift over rounds
and clients. As shown in Definition 3.3, we have two types
of drifts, i.e. drift over clients d; ; and drift over rounds ét,i'
To bound this drifts, we have following assumptions.

Assumption 3 (Bounded drift over clients). Following the
Definition 3.3, we assume the bound of client drift § as
E|5|* < G* + B’E[V f(w)|
Assumption 4 (Bounded drift over rounds). Following the
Definition 3.3, we assume the bound of client drift &€ as
E[¢]* < D* + A%E[|V f(w)[|”.



Assumption 5 (Zero mean and independent of drifts).
All §, ;, 844, and vy are zero mean. E[(€,6)] = 0,
E[(&,v)] =0, and E[(d,v)] = O0forall & & and v.

Assumption 6 (Independence of client drifts in scenario S1
and S2). In scenario S1, each client will only appear in
training procedure once, thus 8 ; denotes clients drift of
different clients. We assume 0. ; are independent for all t
and 1.

In scenario S2, all clients will be selected in each round,
thus 8. ; denotes client drift of same clients for same i. We
assume 0, ; = 0; here.

Assumption 7 (Bounded Hessian dissimilarity). Denote
the hessian matrix of fi;(w) as H;,;, and we assume
HHt17i1 - Ht2,i2 ” < Efor any ti,t2 and iy, .

Note that assumption 7 does not limit the value of €. This
assumption can be used to capture how the information loss
can affact the optimization.

In previous works (Gower et al., 2019; Karimireddy et al.,
2020b), the widely used assumption of distribution drift can
be formulated as E|Vfi(w)|* < G2 + B2E|Vf(w)|,
where G2 > 0 and B? > 1. To match this widely used as-
sumption with our assumptions, we introduce the following
lemmas (Proof details refer to Appendix B.3).

Lemma 3.4 (Bound of distribution drift). Suppose f;(w) is
the local objective function, and f(w) = E|[f;(w)] is the
global objective function. Define V f(w) = V fi(w) + s;,
E[si] = 0, and assume E [Hgn? |w] < A’E [||Vf(w)||2} +

B2, we have
E[IVA@)I?] < (42 + DE IV £(w)|*] + B2.

We want to compare the performance of CFL-R and Fe-
dAvg both in scenario S1 and S2. Notice that FedAvg is
a special case of CFL-R (Equation (5)) by setting p; ; = 1
on round ¢. Thus, the local objective function of FedAvg
is always f;;(w) on round ¢. Based on Assumption 3-6,
Definition 3.3, and Lemma 3.4, we derive the bounded drift
of both FedAvg and CFL-R below.

Lemma 3.5 (Bounded drift). (1) For FedAvg under both
scenario S1 and S2, it’s local objective function can be
bounded as

E|V fui()|? < (14 A% + BY)E||VF(w)[* + G* + D*.

(2) For CFL-R, under scenario S2 where & ; reduces to §;,
we have

2 t
E < <1+BZ+A22pi,i> E(V f(w)]®

T=1

t
Z pﬂ',ivfﬂi(w)
T=1

t
G DY R

T=1

(3) For CFL-R, under scenario S1 where 8, ; are indepen-
dent for all t and i, we have

E < <1 + (B* + 4?%) Zp3,¢> E[|Vf(w)|?

r=1

t
Y priVini(w)
—1

t
+(G*+D*)> prs.
T=1
The detailed proof of Lemma 3.5 is deferred to Ap-
pendix B.2. Lemma 3.5 measures the difference of drift
of CFL-R and FedAvg under scenario S1 and S2, and is
useful for the further analysis on the convergence rate of
both algorithms in Appendix B.4.

4. Theoretical results
In this section, we give the convergence rates of CFL-R (see
Algorithm 1), and show that FedAvg (McMabhan et al., 2017)
is a special case and also a lower bound of our method, for
convex objective function.

4.1. Convergence rate of CFL-R

Here we give the convergence rate of CFL-R and FedAvg in
scenario S1 and S2 when the objective functions are convex,
under Assumptions 7, 1, 2, 3, 4, 5, 6. Table 1 shows the
convergence rates of different algorithms compared with
prior works.

Theorem 4.1 (Convergence rate of CFL-R under scenario
S2). Suppose our approximation of gradients are accurate
(1A (w)]| = 0, see Definition 3.1), and let ng > 1.

For u—strongly convex { f1;}, when clients are all selected
(scenario S2), the convergence rate of CFL-R is

—O(%e 4 G | M G o 3/ D2
T_O(M+H6+¢ﬁ+u\@+u\/ﬂ+ /ﬂs)’

and if { f1;} are general convex, we have

= (G2 2 M+cpp)F o) F? Yprpa

T:O(Gaf + (Tepp) P <¢?GK+€3)F n D:F4) ’
where c,, = 1+ B> + A% M =
F=E[[|wo — w*|].
We give the proof details in Appendix B.4. Besides, scenario
S1 requires the linear independence between 6+, ; and d, ;
for all 1 and ¢,, and thus we achieve a tighter convergence
rate, as illustrated below.

Theorem 4.2 (Convergence rate of CFL-R under scenario
S1). Suppose our approximation of gradients are accurate
(1A (w)]| = 0), and let ng > 1.

For p—strongly convex { f1; },when clients will only appear
once (scenario S1), the convergence rate of CFL-R is

—_ (e M+G o 3/ G2+ D2
T=0(%2 + MtG 4 e 4 o/S3DT)

and if { f1;} are general convex, we have

A (M+G+-c ) o F2 3 (G24+D2)F4
TfO( Lop)l 4 ol VIO )

\/;\’[7 + D, and




Table 1: Convergence rates of different algorithms. Number of communication rounds required to reach ¢ accuracy for p strongly
convex and general convex functions. (G, B) bounds gradient dissimilar over clients (Assumption 3), and (A, D) bounds gradient
dissimilar over rounds (Assumption 4). Our convergence rates for FedAvg and CL match previous works results. Besides, our convergence
rate of CL using mini-batch SGD is novel and cover the strongly-convex case.

Algorithm Strongly Convex General Convex
o? 1 o? 1
SGD uNKe2 + m NKe2 +z
FedAvg  Lietal. (2020c) s + -
Khaled et al. (2020) - g
. 2 2 22
Karimireddy etal. (2020b) 7 + 92 + 2= o+ % + B2
B241 o2 G? G (B*+1)F | o2F2 | G2F2 GF?
Ours j+#NKE+M+NF+ = T +NK52+ = +ﬁ+r
CL Yin et al. (2020b) - L (full batch)
(1+4%) |, D s/ D2 <D+1+A2)F oF2 YD 2F4
Ours u + M5+,u\/7+ ule \ﬁe_'_ +\/?+
e My D2 G2F2 | (M+cp,)F+VYDIFT | (/RGto)F?
CFL-R Ours pB + = + ‘ <+ = + Lp Tt

R: number of random sampling clients, W = o*+ K (1 )G2
cpy = 1+ B2+ A2,

+ D, and

where c,, = 1+ B> + A%, M =
F=E[llwo — w*[]]
FedAvg is a special case of our formulation by setting p, ; =

0 for 7 < t, and p; ; = 1. Below, we derive the convergence
rate of FedAvg under our new formulation.

o
vVNK

Theorem 4.3 (Convergence rate of FedAvg with time-e-
volving heterogeneous data). Let ng > 1. For p—strongly
convex {fi;}, under scenario SI or scenario S2, the
convergence rate of FedAvg is

T=0 (% +

and if { f1;} are general convex, we have

-0 (CPBF i (1\7[+G22)F2 oF? (G+D)F2)
€ € ?

T Uk Ver
where ¢,, = 1+ B? + A? M = K’,;—#DQ, d

F =E[llwo — w]].

Remark 4.4. The rate of CFL-R outperforms that of FedAvg
both in scenario S1 and S2, as shown in the comparison of
Theorem 4.3 with Theorem 4.1 and Theorem 4.2. It stems
from the fact that CFL-R can reduce the variance of gradient
drifts: in scenario S1, CFL-R reduces the variance of round
drift &, whilst in scenario S2, CFL-R reduces both round
drift € and client drift 8. The detail refers to Appendix B.4.

4.2. Connection with prior work
Our CFL-R framework covers conventional scenarios in
both federated learning and continual leaning.

Convergence of FedAvg in Traditional FL scenario.
By setting A = 0, D = 0 in Assumption 4, we recover
the convergence rate of FedAvg in traditional FL scenario:

Theorem 4.5 (Convergence rate of FedAvg). Ler A =
0,D = 0 and ng = 1 in Assumption 4, and assume { f;}

+D, F =E[|lwo — w]],

= S tD+ Gt o M = o

are pu—strongly convex. Then, if all clients are selected
(scenario 1), the convergence rate of FedAvg is derived as

B+1 o2 Gf2 o G
T= O( +;¢NK6+;L€+H\/E+;L\/E)’

and when { fi;} are general convex, we have

_ A ((B*+1)F o2F? G?F? oF? GF?
T_O< e +NK5+ e2 +\/7+\/573)

where F' = E [||wg — w*||].

As shown in Table 1, our convergence rate of FedAvg in
traditional FL scenario match previous works’ analysis. In
particular, our results is almost identical to Karimireddy
et al. (2020b) if remove the random client selection.

Convergence rate of CL in traditional CL scenario.
Our formulation of CFL-R can be reduced to the standard
continual learning setup by simply setting G = 0, B = 0
in Assumption 3, and set client number N = 1. Then we
derive the convergence rate of standard continual learning.

Theorem 4.6 (Convergence rate of standard continual learn-
ing). Suppose our approximation of gradients are accurate
(A0, ()] = 0)

For p—strongly convex { f1;}, the convergence rate of the
standard continual learning can be derived as below.

7o 6 (Ut b yfE

Tt et e 2 ) ’
and when { fi;} are general convex, we have

<D+1+A Nl oF?
+ + ﬁ—k

T — O( \/271:4)7

where F = E [||wo — w*||]-

We are the first to prove the convergence rate by considering
mini batch SGD in CL scenario, whereas the existing work,
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Figure 1: Performance of different algorithms on noisy quadratic model

e.g., Yin et al. (2020b), only considers the full batch gra-
dient descent for general convex objective functions. Note
that setting D = 0, A = 0 in Assumption 4 and ¢ = 0 in
Assumption 2 recover gradient descent—it gives the conver-
gence rate of O(%) for general convex functions, as in Yin
et al. (2020b). In addition, we also give the convergence
rate for strongly convex functions.

5. Practical Implementation of CFL-R

Lemma 3.5 indicates that the bound of drift of CFL-R
is related to the value of (1 + B2 4+ A2 th=1 pf}i) and

G? + D? Zi:l pii). We can set p;; = + to minimize

this drift. This observation leads to a naive CFL implemen-
tation, shown in Algorithm 2 of Appendix C.2.
In Algorithm 2, at the beginning of round ¢, the server
not only transmits model parameters to local clients,
but also Huyy: = S.o_ priHi and Gagys =
Zi;ll Dri (Gm- - IA{T’iGJm-). Here H., ; is the Hessian
matrix evaluated on the parameters at the end of round 7 on
client 7, Gm- corresponds to the gradients, and w ; is the
model parameter. We use Hgg ;w07 + Gagg,i to approxi-
mate Z:—_:ll PriV fri (“:’T,i)-

Because p,; = L in Algorithm 2, we have H,g,; =

t
t—1 t—1 (A

% > 1 Hrjand Gggi = %27:1 (Gmi -

Each local update step of the Exact CFL-R uses the follow-

ing update rule

Hr,iwm:) .

1
Wikl = Wik — M(SGt,i (Wt k) + Gaggi + Haggiwt i k) -

t

At the end of local training (i.e., after K local iterations),
clients calculate the Hessians using local parameters wy ;
and local data, and upload the final parameters, Hessians
and gradients to the server for the further aggregation.

6. Experiments

Following the idea proposed in Zhang et al. (2019), we use
the noisy quadratic model, F(w) = wTAw + BTw + C,
to construct a FL scenario that captures all our assumptions.
A e R A > 0, B € R?, C € R are the model
parameters. To simulate (local) SGD with distribution drift,
we add stochastic noise to the true gradient Aw + B. For
local client ¢ on round ¢, we generate g, ; ;(w) = Aw +
B+6;+ Et’i + vy ;. 1, as formulated in Definition 3.3 and
Assumption 2. All drifts and noise are generated from
Normal distribution with zero mean and different variances.
See Section C.1 for more details.

We compare exact-CFL-R (Algorithm 2) with other base-
lines, like FedAvg (McMahan et al., 2017), FedProx (Li
et al., 2018). We perform gradient descent with a constant
learning rate (tuned for each setting). For simplicity, we
report the || Aw + B|.

As shown in Figure 1, our CFL-R algorithm outperforms all
other methods, in all evaluated settings. For strongly convex
problem or under the case of large round drift, CFL-R signif-
icantly outperforms FedAvg and FedProx. For large round
drifts, the learning curves of FedAvg and FedProx illustrate
severe oscillation, while CFL-R has a much smoother curve
in all settings. It is aligned with Lemma 3.5 that CFL-R
has the effect of variance reduction (on gradients): when
uniformly weighted, the variance will be reduced for ¢ times
on round ¢.

7. Conclusion

Our work introduced a new analysis framework, Contin-
ual Federated Learning (CFL), to formulate time-evolving
heterogeneous data in FL, and also integrate the formu-
lations of both classical FL and CL. We proposed a new
regularization-based algorithm CFL-R, and prove that the
convergence rate of CFL-R is better than FedAvg. Besides,
we give a novel convergence rate by considering mini-batch



SGD in CL scenario.

We compare the performance of CFL-R, FedAvg, and Fed-
Nova using noisy quadratic model, and verified that CFL-R
converges faster than other FL baselines.
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A. Techniques

Here we show some technical lemmas which are useful in the proof part.

Lemma A.1 (linear convergence rate ((Karimireddy et al., 2020b), Lemma 1)). For every non-negative sequence {d,_1 },>1,

and any parameter . > 0, T > 5 L o there exists a constant step-size 1) < Nyaz and weights w; = (1 — un)1 =t such
that for Wy = 22'11 Wy
1 ! w w
dp = — L — )iy — Zdy ) = O (pdoeap(— T)) . 7
T W t:Zl < n ( :L”’) t—1 n t (M Oexp( Hlmazx )) (7

Lemma A.2 (sub-linear convergence rate ((Karimireddy et al., 2020b), Lemma 2)). For every non-negative sequence
{dr—1}r>1 and any parameters Nyqe > 0, 1 > 0, ca > 0, T > 0, there exists a constant step-size 1) < Nyqq Such that

T+1 2
1 di_ d d 2/ c1d d 3 1
Dp Z(tl—nt—i-cer—chQ)S 0 + C10+2( 0 ) cs . (8)

:T+1t:1 n nmax(T+1) \/T"—l T+1

Lemma A.3 (relaxed triangle inequality ((Karimireddy et al., 2020b), Lemma 3)). Let {v1, ..., v, } be T vectors in RE.
Then the following is true:

1 < 1<
122 will? < 2> il ©)
=1 =1

Lemma A .4 (separating mean and variance((Stich & Karimireddy, 2020), Lemma 14)). Let =1, =s, ..., = be T random
variables in R® which are not necessarily independent. First suppose that their mean is E[Z;] = &;, and variance is

bounded as E||Z; — &> < M||&|12 + o2, then the following holds

2 T
S (r+M)Y Gl + 70’ (10)

=1

T

—
=
Z._NL

=1

E

Lemma A.5 (perturbed strongly convexity( (Karimireddy et al., 2020b), Lemma 5)). The following holds for any L-smooth
and p-strongly convex function h, and any x, y, z in the domain of h:

(Vh(x),z —y) = h(z) — h(y) + %Hy —z|* ~ L|z - x| (11)

Lemma A.6. Define S = Z;‘ll Bt where Z;‘F:l pe =1, andp; < piiq then S < L Z;‘ll 1= o (&d).



B. Convergence rate of CFL-R

B.1. Proof of Lemma 3.4

Lemma B.1 (Bound of distribution drift). Suppose f;(w) is the local objective function, and f(w) = E[f;(w)] is the global
objective function. Define V f(w) = V f;(w) + <;, E[¢;] = 0, and assume E {HgHZ |w] < A%E [||Vf(w)||2} + B2, we

have

E [IVA(@)I] < (42 + DE [IV )] + B, (12
Proof.
E[IV£i@)I*] =E |IVf@w) +sil’] (13)
= E[IV/(@)I*] +E [P’ (14)
< (A+DE[|VF@)] +B. (1)
O
B.2. Proof of Lemma 3.5

Lemma B.2 (Bounded drift). For formulation (5), consider CFL-R and FedAvg in scenario SI and scenario S2, we can
bound the gradient drift as
(1) FedAvg only optimize current local objective functions, thus both in scenario S1 and S2,

E[|V foi(w)|” < (1+ A% + B)E||V f(w)||* + G* + D*.
(2) For CFL-R, in scenario S2 (8;,; = 0;), we have

2 t
E < <1+BQ+AQZp3,i> E(Vf(w)|?

=1

t
pr,ivff,i(w)
T=1

t
+G*+ D> prs.

r=1

(3) For CFL-R, in scenario S1(6; ; are independent for all t and i), we have

E < <1+(BZ+A2)ZP3-,Z‘> E[V f(w)]®

=1

t
> priVini(w)
T=1

t
+(G+D*)> pra.

=1

Proof. Using Assumption 3 and 4, together with the fact that V f; ;(w) = V f(w) + &;,; + &, ;, we have

E||Vfii(@)|* = E||Vf(w) + e + &, (16)
= E|Vf(@)[]” + E[6c:)° +E[|¢,]” (17)
< (14 A%+ BYE|Vf()|* + G* + D*. (18)

The second inequality is based on Assumption 5, and directly use Assumption 3 and Assumption 4 we get the last inequality.
Similarly, we have

2 2

t t
E|Y priVii@)|| =E|> pri(Viei(w)+6i+&,,) (19)
=1 =1
t 2
=E| V()| +E[6:1* + E| > prié,, (20)
=1

T=1 T=1

t t
< <1+A2+B22p37i) E|Vf(w)|*+G*+D*> p2,. 1)



For the last inequality, when d;, ; and &, ; are independent for all ¢1, ¢o,

t 2 2
E| Y priViri(w) Zp” Viri(w) +8ei +€,,) (22)
T=1 , t )
= E||Vf(w)|I* +E ZpT,iéf,,i +E|> prik,, (23)
Tt:1 =1 t
< (1 + (42 + B?) Zpi,,) E[[Vf(w)|*+(G*+D*)> p2,. (24)
=1 =1
O

B.3. Bouned gradient dissimilarity of objective functions

Lemma B.3 (Bounded gradient dissimilarity of objective functions). For A;;(w) = Vf;i(w) — V fi.i(w) (c.f. Defini-
tion 3.1), we have

[Ani(@)l € ZT o 2177 w — @il -
Proof.
18si@) = |V fuilw) = V fusle)| ©5)
= ZPT,i(me(w) ~ Viri(wrix) —Hyjr(w - wm‘,K))H (26)
t—1
= ZPT,i(Ver,i(ws,t)(w —wrik) = Hjr(w — wmgK))H 27
=1
t—1
=D pri((V2 frilwes) — Hiyjg ) (w — wr,i,K))H (28)
=1
< Prillw —wr g, (29)
ZT 1P Tz:l K H

The first two equations come from the mean value theorem which says for continuous function f in closed intervals [a, b]
and differentiable on open interval (a, b), there exists a point ¢ C (a, b) such that

fe)= 1= (30)

The last inequality is based on Assumption 4. O

B.4. Proof of Theorem 4.2

In this section, we will give the complete proof of convergence rate of algorithm 1 when the objective functions are convex.
As shown in the algorithm, in each round, server broadcast gradients and Hessians of previous rounds, and after local
iterations, calculate Hessians and gradients using current local parameters and datasets, then upload them to server.

The local objective function of round ¢ on client ¢ is

- 1
fri(w) = (prifri(w) + Z Pri(fri(@rig) + Vri(@rig) (@ = wrig) + 5@ = wri) Hei(w = wri )

€Y
Without loss of generality, assume 2321 pr,; = 1. Then follow the steps in Algorithm 2, we have
} t—1
Vii(w) = (peiV fri(w) + Zpr,i(vff,i(w‘r,i,K) +H:j(w—wrik))). (32)

=1



Algorithm 1 CFL-R Framework
Require: initial weights wy, global learning rate 74, local learning rate 7
1: forroundt=1,...,T do
2: for clienti=1,...,N do
—1
Hagg,i — Zj’:l p'r,iHT,z
t—1
G(ng,’i — Z-,—Zl pT,i(G‘r,i (w‘r,i,K) - HT,in,i,K)-
communicate w;, H, 4, ;, and G, ; to client j.

initialize local model w; ; o = w;.
fork=1,...K do

3
4
5
6: for clienti = 1,...,N in parallel do
7
8
9 compute mini-batch gradient g; ; x(wy ; x—1)-

10: Wik < Weik—1 — M(Prieik(Weik—1) + Gagg,i + Hagg,iweik—1)-
11: H, ;. G,; < calculateHessianAndGradient(wy ; i ).
12: communicate Aw; ; + wi; g — wi, Hy iy Gy
N
13: Awt — UWQ Zi:l Awt’i.
14: Wil < Wi + Awt.

In mini-batch SGD, we can’t get Vf; ;(w) directly, instead, we can only use the noisy gradient g ;(w¢;k—1) =
V fri(wiik—1) + Vi k(Assumption 2), where vy ; j is the noise of mini-batch SGD. Then follow the steps in algo-
rithm 2, we have

t
Gi(Weik—1) = Viri(weik—1) + Zpr,iyt,j,k , (33)
T=1
mn N K
—M ~
Awp=— > > dilwrin-1), (34)
i=1 k=1
ElAw,] = ]\lf NN Vheilweig-1)- (35)
i=1 k=1
By setting n = Kn;ng4, we have
—n N K
Aw; = NK ; kz_l gti(Weik—1), (36)
ElAw] = VK Z Z V fri(Weik—1) - 37)
i=1 k=1
Then based on the one-step progress,
Ellw; + Awy — w*||* = [Jw; — w*]|? — 2B (w; — w*, Aw;) +E[|Aw, | . (38)
——

A1 A2



Firstly consider A; part in equation (38), and let j_’“(w) = 23:1 Dr.ifri(w), follow the Lemma B.3, we have

- 2E<wt - w*, Awy)

= ZZ Vfeiwein-1), 0" — wy) (39)

N K
2 = *
= e D (Vi ri(@rint) = Dra(@iin-1), " = wi) (40)
i=1 k=1
277 N K t 277 N K
= ﬁzzZp'r,i<vf7—,i(wt,i,k—l)7w* —wy) 722 (Api(wtie—1), wr — w") (41)
i=1 k=171=1 1=1 k=1
277 N K t 2176 N K t—1
< —= il Vi ri(weik—1),w" —w il Wi k—1 — Wri w; —w|.
—méé%pW Fri(@ein-1) Ot VRS lp”;kZ:“:lp,n k-1 = wr il — w7

(42)

According to Equation (37), we derive the first inequality and directly use Lemma B.3 and Cauchy—Schwarz inequality for
the last inequality.

From the above inequality, we notice that when the difference of hessian € is close to zero, it is as same as optimizing the
true objective function. However, when the difference of hessian becomes high, the performance drops.

Then we can consider the first term of inequality (42). Firstly, by Lemma A.5,

(Vfri(wtin—1),w" —wi) < fri(w™) — fri(ws) — %”wt —w*|? + Lwyip—1 — wi?. (43)
Combine (42) and (43), we have,

—2F(w: — w*, Awy)

N K
2ne *
¥ 2 2 D prillwniiat — willllwr o]l (44)



Next, consider As in (38). According to Lemma 3.5,

El| Awe|?
9 N K t—1 ’
= ]\/:'27[(2IE Zz(ptzv.ftz(wtzk 1 +Zp7'z VfTZ(wi)+HtJ(wtlk 1_wt —|—Zp7—11/t]k) (45)
i=1 k=1 =1 !
9 N K -t
’f] i= T p‘I"LO
< % ZZE PtV fri(weik—1) + ZPr,i(Vfr,i(wt) + Hy j(weik—1 — ""f))‘ Z 1]\%](1 (46)
i=1 k=1 =1
s N K ¢
o 7721 127‘ 1p7—10-
T~ NK ;;E ;p‘r,ivft,i(wt,i,k—l) - At»i(wmﬁk—l) N2K “
s N K ¢ ?
- %ZZE Zpr,z‘Vft,i(wt,i,kﬂ) +E[Asi(weik-1)|?
i=1 k=1 =
t
n = T pTZ
=23 priB(Vfei(@rin1), Avi(@ein—1)) + E NZK “
T=1
5 N K
S S B A RIS + (G D Zpﬂ
i=1 k=1 T=1
9 N K t
77 77 Zz ZT pT 7’0
e S Bl A DI~ 23 praBAT fui(rin), Aealenino)) + it )
i=1 k=1 =1
s N K
< Ve 2 2L (L4 B 4 A% Zp” JEllwri k-1 — wel|* +2(1 + B + A*( Epm IVF i)l +(G* + D me
i=1 k=1 = B
s N K
: n ZZ Z pm-a
+ vre 2 2 Bl A - QZpT,iwat,i(wt,i,kfl),At1i<wt»i,k—1>> Nok .

<
Il
-
£l
Il
_

T=1

First combine (36) and A, in (38) to get equation (45). Use Lemma A.4 and Assumption 2 from equation (45) to derive
inequality (46). Then use the definition in Lemma B.3 to get equation (47). Equation (48) is an extension of equa-
tion (47), and use Lemma 3.5 from equation (48) to inequality (49). Finally, use the fact that E||V f (wt,i,k_1)||2 =
E||V f(wti6—1) — Vf(w;) + Vf(ws) ?, and use Lemma A.3 combined with the definition of L smooth, which is
IV f(@rinh1) — VFw)]? < L2 lwpin_1 — wil*, we get inequality (50).

Then according to equation (50), E|jw; ; k-1 — w; ||2 can be bounded as:

Ellwq,ix — wel|” = 77E (Wiiro1) (51)

k
<knp Y E||Vfii(we C 4 kno? 52
= Ry tilweir—1)|| +knjo”. (52)
T=1

Here we directly use the updating rule in algorithm 2 to get equation (51). Because g; ;(w;; r—1) = Vft’i(wt,“,l) +
Vi ir—1, we use Lemma A 4 to get inequality (52).



- 2
Then the upper bound of EHV Fos(w) H is derived below.

- 2
ool
t 2
=E(D priVinilw) — Ayi(w) (53)
T=1 ,
,’Vf‘r,i(w) - Zp‘rz vfrz At z( )> +E‘|At,z(w)||2 (54)
ZT 1pTZ =1
t t
<1+ B+ A7) PR )E|V (W) - E 5 ZPT (VIri(@), As(@)) + E[Ai(@)|* + G + D* (D _pl).-
=1 T=1F71 r=1 T=1
(55)

We use definition of A, ;(w) in Lemma B.3 for equation (53), and use Lemma 3.5 to get inequality (55).
Here, in order to simplify the proof, we only concentrate on the condition that we won’t lose information of prev10us rounds.
That is, A;;(w) = 0 for any i, j, and w. Then denote ¢, ; = 1+ B> + A2Y" _ 1 D3 Cpei = GP + D? St VP2

combine equation (55) and (52), and use the fact that E||V f(w)||”> < 2L(f(w) — f(w*)), we have

EHwt,i,k - th2

< 2UPH L0y Bl wis k1 — wil|* + 4K 07 Loy i (f(we) = F(@)) + Ko epg i + knfo” . (56)
That is,

Ellws,i — wil

<Y AEPn Ly, i(fwr) = F(w) + K2 e i + Knjo?) K7 L2y i) (57)
o AR} Lepy i(f(we) = f(w*)) + KPnicpe i + Knfo? (58)
- 1— QKQUIQLQCPBJ‘
Define c,, = &+ SN ¢ppiand ¢y = & SN | ¢, ;. Combine the inequalities (44), (50), and (58), we get
E|lw: + Aw; — <..J*||2
8K 2?2 L3¢y, (1 +nLcy,,)
2 l P P *
< (1= BBl — |7+ (<2 4t Ley, + S ) ) - )
e, 1] 23 oipio® | KmifL(Keyg +0%)(1+nleyy) 59)
ve + N2K 1—2K2n?L%c,,
Then we notice that
8K2nm?L%c,, (1 +nLc,,)
—2n + 4n*L L PBZ <. 60
1A L 1 —2K2n?L2%c,, - (60)
Based on the fact that 7 = K;7,, above inequality is equivalent to
\/6773 + Can;]l - \/CpBﬁﬁ
n < . (61)
6L,/Cpp
C —n; P vV 2cp é 2 c
Then let n < V6 nq+1;LB:7/qCp7\/ pp , we have 1 — 2K?n?L%c,,, > 5y op 762%0 55 , and then % <
12 — 108 <12

15+/6nZcpp +gct , —n2cpp
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That is, assume ¢; = ¢, + NRST_ pi)? and ¢y = 2 + TR inequality (59) become
Ellw: + Aw; — w™[|* < (1 - %)EH% — WP = n(f(wi) = f7) +an® +en’ (62)

Notice that both ¢; and ¢, will change when ¢ change. Thus, we rewrite ¢; at round ¢ as ¢; (¢), and ¢ at round ¢ as ca(t),
besides, rewrite ¢, ¢p atround t as ¢, (t) and cp,, (t).

If local objective function f is u—strongly convex, then by choosing wr = ﬁ Zle gy, and ¢ = (1 — 1)1 we
have
1 = P
Jwr) = 1" € —=7— >0 (1= BHEwr - w'[| = Elwess — o' + ex(On+ c2(0n®) . (63)
UDDPERY
Here we consider @ Ethl qrcq (t) and ﬁ Zf:l qic2(t). When p,; = 1 forall 7,
- D?
epe(t) =0 <G2 + t) . (64)
Besides, by Lemma 3.5, when 6, ; and d,, ; are independent for all ¢; and ¢5, we have tighter bound
~ (G*+ D?
Cpe(t) =0 <t> . (65)
When we use FedAvg algorithm, p,; = 0 for7 =1,2,...,¢t — 1, then
e (t) = O (G* + D?) | (66)
By Lemma A.6, we have
T
1 1~ InT 2
Y qe(t) < -0 (62 + (D2 + ;K)) : (67)
N1t =1 N
T
1 1 ~ (L(KG?*+0%) LD?*InT
—— qtc2<t>30( ( e - 27 ) %)
N1 9t =1 N Mg Ml
Similarly, when ., ; and d,, ; are independent for all ¢; and ¢5, we have
T
1 1~ /InT 2
S gat) <=0 (”T <G2 + D+ AO;K» , (69)
MY =1t =1 N
T
1 1 ~(Lo?> L(D*+G?)InT
. qtc2(t)§(9< 7 ( G ) > , (70)
n Zt:l qt +—1 n My My
When using FedAvg, above inequalities become
T
1 1~ 9 9 o2
—F gie1(t) < =0 (G +D"+—, 71D
N =14 =1 N N&
T
1 1 ~ (Lo? L(D*+ G*
—5— ) qc2(t) < -0 < Y74 ( 2 )> : (72)
n Zt:l qt 1—1 n g Mg
When ¢ (t) and c2(t) satisfy (67) and (68), by setting ¢,,, = (1 + A? + B?) together with Lemma A.1, there is
. Eljwo — w* ||
f(wF) - f § Memp(fﬂnmar,r) + cn + 62772 (73)

~(G* D2 o? KG? + 02 D? pE||lwo — w* || uT
o=+ = ~ Ay} (4
< W pT? T ANKT? T W EERTE | pEETe 2 czp( chB) 74)



When ¢; (t) and c3(t) satisfy (69) and (70), we have tighter bound

N E|lwo — w*||?
f(WF) - f < welp(_unmam{r) +an+ 62772 (75)
A (G*+D? o? o? G2+ D?  pE|wy — w*|? T
=0 >— + 5+ S5 5573 exp(———) | . (76)
wl uUNKT wng KT wng T 2 Lep,

When using FedAvg, ¢; (t) and c2(t) satisfy (71) and (72),

" Ellwo — w* |
flwp) = f* < Memp(—unmmﬂ + e+ con’ (77)
Y S T G+ D7 | o 7“’*“26 p(—F—) (78)
uT uNKT — p?n2KT?  p?n2T? 2 Ley,” )

Besides, if the local objective function f is general convex, i.e., u = 0, we can directly use Lemma A.2. When ¢, () and
co(t) satisfy (67) and (68), denote F' = |jwy — w*||

P E|win — e

Fom) — F < i E|w; — w"||
it n n

~(cF  GF DF  oF (KG2+o2)F"  [D2F
=0 22—+ —+—7+ + ¢ + ¢ . 80
( T VT T ' JNKT \/ KT \/ ngw) (50)

When ¢ (t) and c2(t) satisfy (69) and (70), we can derive a tighter bound below.

+cin+ 02772 (79)

o Elw— o P Elwi — o) 2
flor) =< - +c1n + can 81)
— U] n
_of @l  (GEDF  oF [0t (G2 D)F )
T T VNKT = \| n2KT? U '
For FedAvg, when c¢; (t) and co(t) satisfy (71) and (72),
e o Elwr =t Eflwin - w|f 2
flwr) = <> - + e+ e (83)
— U n
_ofF  (GEDF  oF 0Pt (G4 DY)FE )
T VT VNKT n2KT? 21>

C. Experiment details

C.1. Noisy quadratic model

We use the noisy quadratic model introduced in (Zhang et al., 2019) to simulate the assumptions. Define f(w) =
wlAw + BTw + C, where w € R” is the parameter to optimize, and A € R"*", A = 0, B € R", and C € R. We
construct A by firstly construct a diagonal matrix A, and then construct A by let A = U7 AU, where U is a unitary matrix.
Here we control the eigenvalues of A to control the convexity of model, that is, i < A\pin(A) < Ajpaz(A) < L. Because
A and A have same eigenvalues, it’s simple to control the eigenvalues of A by control the eigenvalues of A.

To simulate Assumption 2, 4, and 3, we formulate the noisy gradient by

gri(w) =Aw+B+6; + & ; +Viik, (85)

where &; denotes the client drift of client j, & +; denotes the round drift of client j on round ¢, and v ; ;. denotes the noise of
gradient of client j on round ¢, iteration k. All of above drifts and noise are generated from Normal distribution with zero
mean and different variance.



SRD BRD
Method SL-SC LL-SC SL-GC LL-GC SL-SC LL-SC SL-GC LL-GC

FAVG 0.03 0.08 0.33 0.09 0.02 0.01 0.09 0.02
FPROX  0.04 0.07 0.35 0.09 0.02 0.01 0.26 0.02
CFL-R 0.2 0.09 0.35 0.09 0.25 0.08 0.3 0.08

Table 2: Best learning rate of different algorithms on noisy quadratic model

In practice, to show if the numerical results match our theoretical results, we tried eight different settings include large
and small L, large and small round drift, and general and strongly convex conditions. For different types of L, we set
L = 20 for large L, and L = 5 for small L. For convexity, we set u = 1 for strongly convex, and u = 0 for general
convex. For different round drift, we set E||¢, ; ||2 = 100 for big round drift, and E[[€, , ||2 = 0.01 for small round drift.
Besides, because d; and v, ; ;, are not important things for us to experiment, thus we use fixed variance for them, that is,
E||&,]]* = 0.01, and E||vy; ]|> = 0.00001.

We do the gradient descent by let w; ; x+1 = Wyi k — MGe,i(We,i k). Notice that for convex functions, when it reaches global
optimal point, we should have ||Aw + B|| = 0, and if it’s far away from global optimal, || Aw + B|| will be large. Thus we
use ||Aw + B]| as loss value.

Besides, from the proof part, we know that CFL-R can tolerant larger learning rate. Table 2 shows the best learning rates for
different FL algorithms on noisy quadratic model. In Table 2, we denote small round drift as SRD, big round drift as BRD,
small L as SL, large L as LL, strongly convex as SC, and general convex as GC. Notice that the best learning rate of basic
continual federated learning is the largest, and the difference between CFL-R and other FL baselines becomes large when
models are strongly convex or with big round drift.

C.2. Algorithms

Algorithm 2 Exact CFL-R
Require: initial weights wy, global learning rate 7),, local learning rate 7

1: forroundt=1,...,T do
2: for clienti=1,...,N do
t—1
Hogg: ¢ > = Hrs
t—1
Gagg,i — 27—21 GT,i(wT,i,K) - H‘r,iw‘r,i,K'
communicate w;, H, gy, ;, and G4y ; to client j.

3
4
5
6: for client i = 1,....N in parallel do
7
8
9

initialize local model w; ; o = w;.

fork=1,....K do
compute mini-batch gradient g; ; ,(wy i k—1)-
10: Wik ¢ Weik—1 — B (Gik(Wtik—1) + Gagg,i + Haggiwt,ik—1)-
11: H, ;. G.; < calculateHessianAndGradient(wy ; i ).
12: communicate Aw; ; < w;; k — Wi, He iy Ge i
N

13: Awt — T]Wg Zi:l Awm.
14: Wiyl < W + Awt.
D. Related Work

Federated Learning on heterogeneous environments. The de facto standard algorithm is FedAvg (McMahan et al.,
2017; Lin et al., 2020), where multiple local SGD steps are performed on the available clients to alleviate the communication
bottleneck. While communication efficient, the heterogeneity, like system heterogeneity (Li et al., 2018; Wang et al.,
2020; Mitra et al., 2021; Diao et al., 2021) and statistical/objective heterogeneity (Li et al., 2018; Wang et al., 2020; Mitra
et al., 2021; Karimireddy et al., 2020b;a), causes inconsistent optimization objective and drifted clients model, and thus
significantly hinders the federated optimization.

A line of work has been proposed to address the heterogeneity in FL. FedProx (Li et al., 2018) adds the regularization



term on the distance of local and global models when performing local training—similar formulations can be seen in other
recent FL works (Hanzely & Richtarik, 2020; Dinh et al., 2020; Li et al., 2020a) for various purposes. To alleviate the issue
of objective heterogeneity e.g. caused by heterogeneous data, works like SCAFFOLD (Karimireddy et al., 2020b;a; Mitra
et al., 2021) introduce the idea of variance reduction on the client local update steps. FedNova (Wang et al., 2020) further
proposes a general framework to unify FedAvg and FedProx, and argue to normalize the local updates when averaging,
to eliminate the heterogeneity caused by different number of local update steps. However, most of these prior works focus
on the fixed heterogeneity across clients, and over the whole optimization procedure. In this work, we consider the novel
time-evolving data heterogeneity.

The theoretical analysis on the convergence of FedAvg can date back to the parallel SGD analysis on the identical
functions (Zinkevich et al., 2010) and recently is refined by (Stich, 2019; Stich & Karimireddy, 2020; Patel & Dieuleveut,
2019; Khaled et al., 2020; Woodworth et al., 2020b). For the analysis on heterogeneous data, Li et al. (2020c) first give
the convergence rate of FedAvg on non-iid datasets with random selection, and assume that the client optimum are e-close.
Woodworth et al. (2020a); Khaled et al. (2020) give tighter convergence rates under the assumption of bounded gradient
drift. All above works give a O (%) convergence rate for convex local objective functions. More recently, Karimireddy
et al. (2020b); Koloskova et al. (2020) give the convergence analysis of local SGD for non-convex objective functions under
bounded gradient noise assumptions, and get a O ﬁ) convergence rate. Yang et al. (2021) prove a tighter convergence

1

rate and show that the maximum number of local steps can be improved to % in full worker participation, compared with %
in Yu et al. (2019); Karimireddy et al. (2020b). Our theoretical analysis framework covers more challenging time-varying
data heterogeneity in FL, which has not been considered in the community yet—our rate can be simplified to the standard
FL scenario, matching the tight analysis in Karimireddy et al. (2020b).

Continual Learning. Continual learning, a.k.a. incremental learning or lifelong learning, aims to learn from (time-varying)
sequential data while avoiding the issue of catastrophic forgetting (French, 1999; Kirkpatrick et al., 2017). Though there
exists a large amount of works, from the perspectives of regularization (Kirkpatrick et al., 2017; Li & Hoiem, 2017; Zenke
et al., 2017), experience replay (Castro et al., 2018; Rebuffi et al., 2017), and dynamic architectures (Maltoni & Lomonaco,
2019; Rusu et al., 2016), the efforts on the theoretical understanding is limited. Only a very recent preprint (Yin et al., 2020b)
provides a viewpoint of regularization-based continual learning by formulating it as a second-order Taylor approximation of
the loss function of each task, which can derive many existing algorithms. However, we consider collaborative learning and
most of the prior work only consider the single worker case. Besides, we derive a more precise convergence rate for CL
using mini-batch SGD.

Continual Federated Learning. To the best of our knowledge, the scenario of CFL was first appeared in Bui et al. (2018)
for federated training Bayesian Neural Network and continual learning for Gaussian Process models—it is orthogonal
to our optimization aspect in this paper. In a very recent deep learning paper, FedWelT (Yoon et al., 2020) extends the
regularization-based method to enable learning a sequence of client tasks; however, their approach has no theoretical
guarantee.
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