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Abstract

Distributed machine learning has become an in-
dispensable tool for training large supervised ma-
chine learning models. To address the high com-
munication costs of distributed training, a large
body of work has been devoted in recent years to
the design of various compression strategies, such
as sparsification and quantization, and optimiza-
tion algorithms capable of using them. Recently,
Safaryan et al. (2021) pioneered a dramatically
different compression design approach: they first
use the local training data to form local smooth-
ness matrices, and then propose to design a com-
pressor capable of exploiting the smoothness in-
formation contained therein. While this novel
approach leads to substantial savings in communi-
cation, it is limited to sparsification as it crucially
depends on the linearity of the compression oper-
ator. It is an open problem whether this approach
can be useful in the design of other smoothness-
aware compression techniques, such as quantiza-
tion.

In this work, we resolve this problem by extending
their smoothness-aware compression strategy to
arbitrary unbiased compression operators, which
also includes sparsification. Specializing our re-
sults to quantization, we observe significant sav-
ings in communication complexity compared to
standard quantization. In particular, we show the-
oretically that block quantization with n blocks
outperforms single block quantization, leading to
a reduction in communication complexity by an
O(n) factor, where n is the number of nodes in
the distributed system. Finally, we provide ex-
tensive numerical evidence that our smoothness-
aware quantization strategies outperform existing
quantization schemes as well the aforementioned
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smoothness-aware sparsification strategies with
respect to all relevant success measures: the num-
ber of iterations, the total amount of bits commu-
nicated, and wall-clock time.

1. Introduction

Training modern machine learning models is typically cast
in terms of (regularized) empirical risk minimization prob-
lem and requires increasingly more training data to make
empirical risk closer to the true risk (Schmidhuber, 2015;
Vaswani et al., 2019). This natural requirement makes it
harder (and in some scenarios impossible) to collect all data
in one place and carry out the training using a single data
source. As a result, we reconciled with a flock of datasets
disseminated across various compute nodes holding the ac-
tual training data (Bekkerman et al., 2011; Vogels et al.,
2019). However, such divide-and-conquer approach of han-
dling vast amount of data means that local updates need to
be communicated among the nodes (or through some cen-
tral server orchestrating the process), which often forms the
main bottleneck in modern distributed systems (Zhang et al.,
2017; Lin et al., 2018). This issue is further exacerbated by
the fact that modern highly performing models are typically
overparameterized (Brown et al., 2020; Narayanan et al.,
2021).

1.1. Distributed training

In general, distributed training can be formalized as the
following optimization problem

min (z) + Rx), where f(x) " 132 fi(e), ()
reR4 i=1

and where d is the number of parameters of model 2 € R¢ to
be trained, n is the number of machines/nodes participating

in the training, f;(z) is the loss/risk associated with the data

stored on machine ¢ € [n] 2 {1,2,...,n}, f(x) is the

empirical loss/risk, and R(z) is a regularizer.

Because of the communication constraints, large body of
work has been devoted in recent years to the design of vari-
ous compression strategies, such as sparsification (Kone¢ny
& Richtarik, 2018; Wangni et al., 2018; Alistarh et al.,
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2018), quantization (Goodall, 1951; Roberts, 1962; Alis-
tarh et al., 2017), low-rank approximation (Vogels et al.,
2019), and optimization algorithms capable of using them,
such as Distributed Compressed Gradient Descent (DCGD)
(Khirirat et al., 2018), QSGD (Alistarh et al., 2017; Faghri
et al., 2020), NUQSGD (Ramezani-Kebrya et al., 2021),
DIANA (Mishchenko et al., 2019; Horvath et al., 2019),
PowerSGD (Vogels et al., 2019), signSGD (Bernstein et al.,
2018; Safaryan & Richtarik, 2021), intSGD (Mishchenko
et al., 2021), ADIANA (Li et al., 2020), MARINA (Gor-
bunov et al., 2021).

1.2. From scalar smoothness to matrix smoothness

Typically, distributed optimization algorithms in the litera-
ture that employ compressed communication, including all
methods from the aforementioned works, use only shallow
smoothness information of the loss function such as scalar
L-smoothness (Nesterov, 2004).

Definition 1 (Scalar Smoothness). Differentiable function
¢ : R — R is called L-smooth if there exists a non-
negative scalar value L > 0 such that

o(z) < d(y) + (Vo(y),z —y) + Zllz —y|>. (@)
for all z,y € R%.

As pointed out by Safaryan et al. (2021), smoothness con-
stant L reflects small part of the rich smoothness information
often easily available through the training data. In their re-
cent work, Safaryan et al. (2021) pioneered a dramatically
different compression design approach. First, they propose
to use the local training data to form local smoothness matri-
ces, which they claim contain much more useful information
than standard smoothness constants.

Definition 2 (Matrix Smoothness). Differentiable function
¢ : R* — Ris called L-smooth if there exists a symmetric
positive semidefinite matrix L > 0 such that

P(z) < d(y) + (Vo(y), z

for all z,y € R%.

-y +illz—ylE, 3

Using smoothness matrices L; of all local loss functions
fi(x), i € [n], Safaryan et al. (2021) design a compressor
capable of exploiting the smoothness information contained
within the smoothness matrices. In particular, under certain
heterogeneity conditions on the smoothness matrices L;,
their new compressor reduces total communication cost by
a factor of O(min(n, d)).

While this novel approach leads to substantial
savings in communication, it is limited to ran-
dom sparsification as it crucially depends on the
linearity of the compression operator. It is not

clear whether this approach can be useful in the
design of other smoothness-aware compression
techniques.

2. Summary of Contributions

Motivated by the above mentioned development, in this
work, we made the following contributions.

2.1. Extending matrix-smoothness-aware sparsification
to general compression schemes

First, we generalize the smoothness-aware sparsification
strategy (Safaryan et al., 2021) to arbitrary unbiased com-
pressors. Instead of sparsification operator, we consider
the generic class B(w) of (possibly randomized) unbiased
compression operators C: RY — R with bounded variance
w > 0,1.e.,

E[C(z)] =z, E[|C(z)—2|*] < wllz|?,

for all € R?. This class is quite broad including random
sparsification and various quantization schemes. To ben-
efit from the matrix smoothness information with general
compressor C, we propose the following modification in
the communication protocol. If 2 € R? is the vector to be
communicated, instead of applying compressor C directly
to = and sending C(z), we compress it by C(L/?z) and
decompress it by multiplying L'/>. Overall, the receiver
estimates the original = by L'/>C(L1"/?z).

2.2. Distributed compressed methods with improved
communication complexity

To highlight the appropriateness of our generalization, we re-
design two distributed compressed methods—DCGD (Khiri-
rat et al., 2018) and DIANA (Mishchenko et al., 2019)—
to effectively utilize both matrix smoothness information
and general compression operators leading to new meth-
ods, which we call DCGD+ (Algorithm 1) and DIANA+
(Algorithm 2). The key notion we introduce that enables
the technical analysis is the following quantity describing
interaction between compression operator C € B¢(w) and
smoothness matrix L > 0:

£(C, L) inf {£>0: E|C(z) — z||2 < L||z|2, V.
This quantity generalizes the one defined in (Safaryan et al.,
2021) for sparsification, and provides means for tighter
theoretical guarantees (Theorems 1 and 2) and better com-
pression design. Notice that £(C,L) < wApax(L).

2.3. Block quantization

As we are no longer constrained to sparsification to exploit
matrix smoothness, we consider more aggressive quantiza-
tion schemes to further reduce the communication cost. Our
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Table 1. Summary of main theoretical results of this work. Below constants and log é factors are hidden, n is the number of nodes, d is
the model size, Lmax = max; L;, L; = Amax(L;), the expected smoothness constant Lmax is defined in (4), the variance of generic
compression operator is denoted by w, parameters v and v, are defined in (8). Refer the notation table in the Appendix.

Regime Vfi(z*)=0 arbitrary V f;(z*)
Original Methods DCGD (Khirirat et al., 2018) | DIANA (Mishchenko et al., 2019)
1 1 L wlmax Lmax wLlmax
Iteration Complem;y m + Sy w+ - + P
Communication Complexity Linos Lo
Standard Quantization (w = O(n)) a=3 nd +d=3
DCGD+ (Algorithm 1) DIANA+ (Algorithm 2)

Redesigned Methods

with general compression

with general compression

. q L L L L
Iteration Complexity 7 Smax Wax + £ 4 Lmax
Communication Complexity d Lmax d_ Lpax
nou nd+ 75 =

Block Quantization (n = O(V/d))

(if v, vq are O(1))

(if v, vq are O(1))

Communication Complexity
Quantization with varying steps

d Lmax | d Lmax
noop +4 Iz
(if v, vq are O(1))

iLmaX dLma‘x
nd + = e+ I

(if v, v are O(1))

Theorems

1, 3,5

2,4, 6

Speedup factor (up to)

min(n, d)

min(n, d)

first extension of standard quantization (Alistarh et al., 2017)
is block quantization, where each block is allowed to have a
separate quantization parameter. Notably, we show theoreti-
cally that our block quantization with n blocks outperforms
single block quantization and saves in communication by a
factor of O(n) for both DCGD+ (Theorem 3) and DIANA+
(Theorem 4) when n = O(V/d).

2.4. Quantization with varying steps

In our second extension of standard quantization, we go
even further and allow all coordinates to have their own
quantization steps. This extension turns out to be more
efficient in practice than block quantization and provides
savings in communication cost by a factor of O(min(n, d))
for both DCGD+ (Theorem 5) and DIANA+ (Theorem 6).

2.5. Experiments

Finally, we perform extensive numerical experiments using
LibSVM data (Chang & Lin, 2011) and provide clear nu-
merical evidence that the proposed smoothness-aware quan-
tization strategies outperform existing quantization schemes
as well the aforementioned smoothness-aware sparsification
strategies with respect to all relevant success measures: the
number of iterations, the total amount of bits communicated,
and wall-clock time (see Section 6 and the Appendix).

3. Smoothness-Aware Distributed Methods
with General Compressors

In this section we extend methods DCGD+ and DIANA+ of
(Safaryan et al., 2021) to handle arbitrary unbiased compres-
sion operators. We consider the problem (1) with matrix
smoothness assumption for all local losses f;(z) and with
strong convexity of loss function f(z).

Assumption 1 (Matrix smoothness). The functions
fi: R4 — R are differentiable, convex, lower bounded
and L;-smooth. Besides, f is L-smooth with the scalar

def
smoothness constant L = \ax(L).

Note that lower boundedness of f;(z) is not needed once
L; > 0 is invertible. This part of the assumption is not
a restriction in applications as all loss function are lower
bounded.

Assumption 2 (y-convexity). The function f: RY — R is

p-convex for some p > 0, i.e.,

f@) > fy) +(Vf(y),z —y)+ 5z —yl?,

for all z,y € R%.

3.1. DCGD+ with arbitrary unbiased compression

In our version of DCGD+, each node ¢ € [n] is allowed to
control its own compression operator C; € B(w) indepen-
dent of other nodes. Denote

where L, défﬁ(ci7Li>- 4)

def
Limax = Maxi<i<n Li,
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Furthermore, as the compressor C; can be random, denote
by CF a copy of C; generated at iteration k.

Algorithm 1 DCGD+ WITH GENERAL COMPRESSION

1: Input: Initial point 20 € R, step size v > 0, compres-
sion operators {C¥, ... ,Ck}

2: on server

3:  send z* to all nodes

4:  get CH(LI2V f;(«*)) from all nodes i € [n]

5 b= 3L LSCHLV fiah))

6

update the model to "' = prox_ p (2% — vg*)

Similar to the standard DCGD method, convergence of
DCGD+ is linear up to some oscillation neighborhood. How-
ever, for overparametrized models this neighborhood van-
ishes and the method converges linearly to the exact solu-
tion.

Theorem 1. Let Assumptions I and 2 hold and assume that
each node i € [n] generates its own copy of compression
operator C¥ € B%(w;) independently from others. Then,
for the step-size 0 < v < m7 the iterates {z*} of
DCGD+ (Algorithm 1) satisfy

F [Hmk _ x*HQ} < (1 + 2yol (5)

pn !

k *
—p)" |20 —2*||?

where o7 qef IS Li,HVfZ(a:*)HiT In particular, if

the model is overparameterized (i.e., Vifl(x*) = 0 for all
i € [n]), then DCGD+ converges linearly with iteration

complexity
o((s+

‘We show later that the linear rate (6) of DCGD+ can be much
better than one of DCGD. However, the size of the neigh-
borhood of DCGD+ might be bigger than of DCGD. In case
of standard (scalar) smoothness (i.e. L; = L;I) the size of
the neighborhood would be o* % Ly L wil Vfila™)1?,
which might be smaller than ¢%. Even though we have
L; < widmax(L;) from the definition of £;, it does not
imply EiLI =< w;I. Thus, with matrix-smoothness-aware
compression we ensure faster linear convergence at the cost
of a possibly larger oscillation radius. This is not an issue for
modern overparameterized models, which can interpolate
the whole training data with zero loss. Moreover, next we
present an algorithmic solution to remove the neighborhood
using the DIANA method.

Lass ) log 1) (©)

3.2. DIANA+ with arbitrary unbiased compression

The mechanism allowing to remove the neighborhood in DI-
ANA+ is based on the DIANA method, which was initially
introduced for ternary quantization by Mishchenko et al.

(2019), and then extended to arbitrary unbiased compres-
sion operators by Horvath et al. (2019). The high level idea
is to learn the local optimal gradients V f;(x*) by estimates
u¥ for all nodes i € [n] in a communication efficient manner.
Nodes use these estimates uY to progressively construct bet-
ter local gradient estimates g reducing the variance induced
from the compression.

Algorithm 2 DIANA+ WITH GENERAL COMPRESSION

Initial point 2° € RY, initial shifts u? €
f
range(L;) and u” def 1 L3 ud, step size parameters

v > 0and o > 0, compress10n operators {C¥, ..., Ck}

1: Input:

2: for eachnode? = 1,...,n in parallel do
3:  get z¥ from the server and compute V f;(z*)
4:  send AF = CHLI*(V fi(a"*) — uF)) to the server
5:  update local gradient and shift
Ak = L2AR gk = yk 4 RF 1 = yk 4 o AF
6: end for
7: on server
8: get sparse updates Ak from all nodes 1 € [n]
9: =15t A = AF + ¥
10: update the global model Mt = prox p(z* — vg")

11:  update the global shift u* T = u* + aA*

We prove in the Appendix that both iterates z* and all local
gradient estimates u/ converge linearly to the exact solution

x* and V f;(x*) respectively.

Theorem 2. Let Assumptions I and 2 hold and assume that
each node i € [n] generates its own copy of compression
operator CF € B%(w;) independently from others. Then,
for the step-size v = L+7L DIANA+ (Algorithm 2)

guarantees E [||z* — z*|| ] < ¢ after

O ((wmex + £ + £222) 10g 1) ()
iterations, where wax = MaX1<ij<n W;.

Notice that the cost of removing the neighborhood is the
extra O(wmax log 1) iterations, which is negligible in the
overall complexity (7) above. Another interesting obser-
vation is the second order flavor of the gradient learning
technique employed by DIANA+. Let, for concreteness,
matrices L; be invertible and CF(—2) = —CF(z) for all
x € R? (both random sparsification and quantization sat-
isfy this). Typically, the learning procedure of the origi-
nal DIANA method, uf ™' = uf — aCF(uf — Vfi(z")),
can be interpreted as a single step of CGD applied to
the problem of minimizing the convex quadratic function
©oF () def 1 |u —Vfi(z H which changes in each itera-
tion because the gradient changes. In contrast, we observe
that the learning mechanism of DIANA+ can be interpreted
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as a single step of a (dumped) Newton’s method with com-
pressed gradients and with the true Hessian. Indeed, fix the
iteration counter k£ and denote

ok () € § [lu— Vfilah) [g-ve

Then, the update rule of shifts uf in DIANA+ can be rewrit-
ten as

Wttt = faLl./ZCk(LZ_I/Q(u — Vfi(z*)

k
= uf —a [Vl (uh)] T CH (Ve (),

This might serve as an extra explanation on why incor-
porating smoothness matrices properly can improve the
performance of first order methods with communication
compression.

3.3. Baselines for the original methods

To make the theoretical comparison against DCGD and
DIANA more transparent, we fix the following baselines
using the standard quantization scheme.

o Baseline for DCGD. Based on the iteration complexity
(’)(% + “L““”‘) of DCGD (in case V f;(z*) = 0 forall i €
[n]) the opt1ma1 level of compression variance w = O(n)
results in (’)( L‘;‘f" ) iterations complexity. From the estimate

of quantization variance w = min (s%, %) we conclude

that s = (’)(%) number of levels should be used. Finally,
with this choice of s, each node communicates O(s? +
svVd) = O(£) amount of bits. Thus, total communication
complexity (1 e. how many bits flows through the central
server) of DCGD is O %Lmax dL""‘“‘ )-

o Baseline for DIANA. Based on the iteration complexity
O(w+ % + %‘;‘*) of DIANA method, we fix the same
level of compression with w = O(n). With a similar ar-
gument, this leads us to o (n+ %) iteration complexity

and (’)(%) bits of communication per node in each itera-
tion. Whence, total communication complexity becomes
O(dn + —dLE"dX ).

To compare the proposed methods with these baselines and
highlight improvement factors, define parameters v and vy
describing local smoothness matrices L; as follows

et S L def

d
v, = max 721':11‘;7 , )
ZE[’I’L] IIlane[d] i35

max;e(n] Li’

where L; = Amax(Li)s Limax = max;<i<, L; and Ly.; is
the jth diagonal element of matrix L;. Parameters v € [1,n]
and v; € [1,d] describe the level of heterogeneity over the
nodes and coordinates respectively. If L; matrices coincide,
then v = n and v; = d. On the other extreme, when the
values of L; are extremely non-uniform, we have v < n
and ] < d.

Notice that the quantity
Lmax
n

Lmax jp (6) and the quantity wmyax +

un

in (7) depend on compression operators C¥ applied by
the nodes. For the rest of the paper we are going to minimize
these quantities with respect to the choice of C¥ in such a
way to minimize total communication complexity of the
proposed distributed methods. We specialize compressors
C; to two different extensions of standard quantization and
optimize with respect to compression parameters.

4. Block Quantization

We now present our first extension to standard quantiza-
tion in order to properly capture the matrix smoothness
information. Instead of having a single quantization pa-
rameter (e.g. number of levels) for all coordinates, here
we divide the space R? into B € {1,2,...,d} blocks as
R? = R% x R% x ... x R? and for each subspace

4 | € [B] we apply standard quantization independently
from other blocks with different number of levels s;. Thus,
for any [ € [B] we allocate one parameter s; for [ block
of z € R?. Hence quantization is applied block-wise: for
each block we send the norm ||2!|| of the block z! € R®
and all entries within this block are quantized with levels
{0, Sil, S%, ..., 1}. In the special case of B = 1, we get the
standard quantization of Alistarh et al. (2017).

To get rid of the constraints on s; to be integers, instead of
working with the number of levels s;, we introduce the size
of the quantization step h; = - and allow them to take any
positive values (even bigger than 1). Thus, for each block
[ € [B] we quantize with respect to levels {0, h;, 2k, ... }.

Definition 3 (Block Quantization). For a given num-
ber of blocks B € [d] and fixed quantization steps
h = (h1,...,hp), define block-wise quantization operator
QE : R? — R as follows:

|| )

=1/

[QF(@)],

where v € R4, ¢t = (1 - 1)B+3j, j € [d], | € [B]
and &;(v) for v > 0 is defined via the quantization levels
{0, hy, 2Ry, ... } as follows: if khy < v < (k+ 1)h; for
some k € {0,1,2,...}, then

def | khy with prob. k& +1— -
Gv) = . Y L
(k+1)h;  withprob. 7 —

'] - sign(ae) - &

©))

Note that Qf is an unbiased compression operator as
E[¢;(v)] = v for any v > 0. To communicate a vector

of the form QP (), we encode each block [Qf(:c)]l € R
using Elias w-coding as in the standard quantization scheme
(Alistarh et al., 2017). Hence, for each block [ € [B]
+ Y

we need to send (’)( bits and one floating point

number for ||z!||. Overall, the number of encoding bits
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for Qf (z) (up to constant and log factors) can be given

by Zf;ﬂ# + \/T?T) + B. As for the compression noise,
1

we prove in the Appendix the following upper bound for

L(QF L):
£(Qf, L) S maxj<i<B th Diag(L”)H, (10)

where L is the ! diagonal block matrix of L with sizes
d; x d;. Next, we are going to minimize communication
complexity of DCGD+ and DIANA+ by optimizing param-
eters of block quantization.

4.1. DCGD+ with block quantization

We fix the number of blocks B € [d] for all nodes
i € [n] and allow each node to apply different block
quantization operator Q,i with quantization steps h; =
(hi1y---,hip). To minimize communication complex-
ity of DCGD+, we need to minimize L,,x subject to
the communication constraint mentioned above. Since
Lmax = max;e[m) £(C;, L), each node i € [n] can min-
imize the impact of its own compression by minimizing
L(C;,L;) based on local smoothness matrix L;. This leads
to the following optimization problem for finding optimal
values of h; for each node i € [n]:

. . I
grel]gjlg maxi <;< g || Diag (L) ||
st. YO, (H+yE)+B=5 (D

hi >0, [ € [B]
The solution to this problem is given by

o= diB
hiy = | Diag(LI) ||’ 12

where §; g > 0 is uniquely determined by the constraint
equality of (11) as the only positive solution of

2
2 . dTiB dTf p
6i,B - 61,3 8—B ~ B—B 0,

S dT; d2T? ar?
which implies §; p = 2([3_’%) + 4(5_,’9532 + 5_§ <
def
ﬁ_%ﬂvB + ﬁichri.,l; where ,-Ti,B =

1 Zil Vd;|| Diag(L)||. If this solution of quanti-
zation steps h; is used by all nodes i € [n], then we show
reduction in communication complexity by a factor of O(n)
compared to standard quantization.

Theorem 3. Assume n = O(\/d) and both v, vy are O(1).
Then DCGD+ using block quantization with B = n blocks,
d; = O(4/n) block sizes for all I € [n] and quantization
steps (12) with 8 = O(d/n) reduces overall communication
complexity by a factor of O(n) compared to DCGD using
B = 1 single block quantization. Formally, to guarantee

€ > 0 accuracy, the communication complexity of DCGD+

is
d Lmax l
@ (; m log E) ,

which is O(n) times smaller over DCGD.

4.2. DIANA+ with block quantization

For the rate (7) of DIANA+, we need to optimize wyax +

Linax part of the complexity under the same communication
ny

constraint used in (11). Since

oy L Lmax o
s (b ) < e e < 2 (4 ).

13)
we can decompose the problem into subproblems for each
node ¢ to optimize w; + Tf—’ with respect to its own quantiza-
tion parameters h;. Analogously, this leads to the following
optimization problem for finding optimal values of h; for
each node i € [n]:

min  maxicics b (VA + | Diag(LY)))
heRB - F
st. Y2, (hilz + ‘/h—fT) +B= (14)

h >0, 1€ [B]

which can be solved with a similar argument as done for
(11). Details are deferred to the Appendix.

Theorem 4. Assume n = O(\/d) and both v, v are O(1).
Then DIANA+ using block quantization with B = n blocks,
d; = O(d/n) block sizes for all | € [n] and h;; quantization
steps (solution to (14)) with § = O(4/n) reduces overall
communication complexity by a factor of O(n) compared to
DIANA using B = 1 single block quantization. Formally, to
guarantee € > 0 accuracy, the communication complexity
of DIANA+ is

O((nd + /& buss ) log 1),

which (ignoring n summand in the complexity) is O(n)
times smaller over DIANA.

5. Quantization with Varying Steps

Our second extension of standard quantization scheme is
to allow different quantization steps for all coordinates
{1,2,...,d}. In other words, for each coordinate j € [d]
we quantize with respect to levels {0, h;,2h;,... }. The
standard quantization (Alistarh et al., 2017) is the special
case when h; = 1 forall j € [d], where s is the number of
quantization levels.

Definition 4 (Quantization with varying steps). For fixed
quantization steps h = (hy,...,hq)" € R?, define quanti-
zation operator Q,: R — R? as follows:

[Qu(@)]; = llz] - sign(ay) - & (1),
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where z € RY, j = 1,2,...,d and &; is defined via the
quantization levels {0, h;,2h;, ... } asin (9).

Note that compression operator Q) is unbiased as
E [¢;(v)] = v for any v > 0. To understand how the number
of encoding bits of Qy,(x) depends on h exactly seems chal-
lenging, since it depends on the actual encoding scheme (i.e.
binary representation of compressed information). Besides,
even if we fix binary mapping, the closed form expression
of total amount of bits is complicated enough to be utilized
in the further analysis. We provide theoretical arguments

d ;-2
Zj:l hj
is a reasonable proxy for the number of encoding bits for
compressor Q.

and clear numerical evidence that ||h~1|| =

Assumption 3. For any input vector z € R¢ and quan-
tization steps h € R4, compressed vector Qj,(z) can be
encoded with O(||h!||) number of bits.

First, consider the special case when all quantization steps
are the same, i.e. h; = L. Then ||h~!| = sv/d recovers the
dominant part (provided s = O(v/d)) in O(s+sv/d) show-
ing total amount of bits for standard quantization scheme.

Second, in the Appendix we present an encoding
scheme which (up to constant and log d factors) requires
E [ (]|Z]/0)] + ||| number of bits in expectation to com-
municate & = Qp(z), where (1) & dHy(7/d) + 7 <
dlog3, if 7 € [0,d] and Hy is the binary entropy function.
Note that, based on the definition (9), increasing quanti-
zation steps h; forces more sparsity in & and hence re-
duces ||Z|lp. Thus, ||Z||o and hence 1 (]|Z||p) (notice that
¥(0) = 0) are proportional to |h~!||. Furthermore, we
present a numerical experiment which shows that the num-
ber of encoding bits of Qy, () and ||h~!| are positively
correlated.
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Figure 1. Experiment to verify the Assumption 3. We randomly
generate 1000 quantization step vectors b € R, each compo-
nent of h is h; = |h;| and h; is independently sampled from
N(0,1). For each h, we randomly generate multiple sparse vec-
tors to quantize x, which is sampled from Poisson distribution with
A ={1,10,100} and density {0.25,0.5,0.75,1.0}.

Hence, in the further analysis, we fix the number of encod-
ing bits of Qy,(x) by the constraint ||| = 3 for some
parameter § > 0. As for the variance induced by the com-
pression operator Qp,, we prove the following upper bound
for £L(Qp,L):

L(Qn, L) < || Diag(L)hl|. (15)

5.1. DCGD+ with varying quantization steps

Now, we optimize the rate (6) of DCGD+ with respect to
quantization steps h; = (.1, his2, ..., hi.q) of compressor
Qp, controlled by i*" node for all i € [n]. The term in (6)
affected by the compression is Lax = max;epn) £(Cs, L),
which implies that each node 7 € [n] can minimize the im-
pact of its own compression by minimizing £(C;, L;) based
on local smoothness matrix L;. Based on the upper bound
(15) and communication constraint given by |h~t|| =
for some 3 > 0, we get the following optimization problem
to choose the optimal quantization parameters h; for node
i€n):

min || Diag(L;)h||
heRrd
st. Rl =5 (16)
h; >0, j €[d]

This problem has the following closed form solution due to
KKT conditions (see Appendix):

Zf:l List
L;,;

, i€n], jeld. A7)

With this choice of quantization steps we save O(min(n, d))
times in communication.

Theorem 5. Assume both v,vy are O(1) and f = O(d/n).
Then DCGD+ using quantization with varying steps (26)
for all i € [n] reduces overall communication complexity
by a factor of O(min(n,d)) compared to the baseline of
DCGD. Formally, the iteration complexity (6) can be upper
bounded as

L\ Loex < vLmax 4 % Ioas — ) (1 Loax 4 1 Do
s < T3 *O( +a )v

v
nuy noop n n o u o

which is min(n, d) times smaller than the one for DCGD.
As both methods communicate O(4/n) bits per node per
iteration, we get min(n, d) times savings in communication
complexity.

5.2. DIANA+ with varying quantization steps

Based on (13), each node ¢ € [n] optimizes w; + f;“ with
respect to its quantization parameters h;, which is equivalent

to the problem

: d 2\ 52
min 3%, (1+4%) A3
S

h; >0, j €[d]

(18)



Smoothness-Aware Quantization Techniques

where A;; 4" Lis Dye to the KKT conditions (see Ap-

pendix), we get the following solution

h — 1 Z?:l V 1+A12t (19)
WTB\ T A,

With this choice of quantization steps we save O(min(n, d))
times in communication.

Theorem 6. Assume both v,v, are O(1) and = O(d/n).
Then DIANA+ using quantization with varying steps (29)
for all i € [n] reduces overall communication complexity
by a factor of O(min(n,d)) compared to the baseline of
DIANA. Formally, the iteration complexity (7) can be upper
bounded as

L Lmax < 2d | v Lmax V2v1 Liax
wmax + M + nu = B + n m + 5n m
_ 1 Lmax 1 Limax

= 0 (nJr " + 3 m ) ,

which is min(n, d) times smaller than the one for DIANA
(ignoring negligible term n,).

6. Experiments

In this section we present two key experiments. Additional
experiments can be found in the Appendix.

6.1. Setup

We run the experiments with several datasets listed in Table
2 from the LibSVM repository (Chang & Lin, 2011) on the
{5-regularized logistic regression problem described below:

min L S fiz),

zeRE "

fi(z) = %

where * € R%, A;; € R%, b;; € {—1,1} are the feature
and label of [-th data point on the ¢-th worker, where the
features of each A;; are rescaled into [—1,1]. The data
points are randomly shuffled before allocating to local work-
ers. The experiments are performed on a workstation with
Intel(R) Xeon(R) Gold 6246 CPU @ 3.30GHz cores. The
gather and broadcast operations for the communica-
tions between master and workers are implemented based
on the MPI4PY library (Dalcin et al., 2005) and each CPU
core is treated as a local worker. We set A = 103 for all
datasets. For each dataset, we run each algorithm multiples
times with 5 random seeds for each worker.

iy log(1+ exp(—bi Al x)) + 3|z,

6.2. Comparison to standard quantization techniques

In our first experiment, we compare smoothness-aware
DCGD+ and DIANA+ methods with our varying-step
quantization technique (quant+) to the original DCGD
(Khirirat et al., 2018) and DIANA (Mishchenko et al.,

2019) methods with the standard quantization technique
(quant) of Alistarh et al. (2017). Figure 2 demonstrates
that DCGD+/DIANA+ with quant+ lead to significant im-
provement in both transmitted megabytes and wall-clock
time. An ablation study to disentangle the contributions
of exploiting the smoothness matrix and utilizing varying
number of levels can be found in Appendix B.
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Figure 2. Comparison of smoothness-aware DCGD+/DIANA+
methods with varying-step quantization (quant+) to original
DCGD/DIANA methods with standard quantization (quant).
Note that in quant+ workers need to send Lg/ > e R¥*? and
quantization steps h; € R® to the master before the training. This
leads to extra costs in communication bits and time, which are

taken into consideration.

6.3. Comparison to matrix-smoothness-aware
sparsification

Second experiment is devoted to the performance of three
smoothness-aware compression techniques —block quanti-
zation (block quant+) of Section 4, varying-step quan-
tization (quant+) of Section 5 and smoothness-aware spar-
sification strategy (rand—7+) of Safaryan et al. (2021). All
three compression techniques are shown to outperform the
standard compression strategies by at most O(n) times in
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theory. For the sparsification, we use the optimal probabili-
ties and the sampling size 7 = d/n as suggested in Section
5.3 of (Safaryan et al., 2021). The empirical results in Fig-
ure 3 illustrate that the varying-step quantization technique
(quant+) is always better than the smoothness-aware spar-
sification (Safaryan et al., 2021), in terms of both commu-
nication cost and wall-clock time. Our block quantization
technique also beats sparsification when the dimension of
the model is relatively high.
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Figure 3. Comparison of three matrix-smoothness-aware compres-
sion techniques employed in DIANA+ method: varying-step
quantization quant+, our variant of block quantization block
quant+, and smoothness-aware sparsification rand—-7+ of Sa-
faryan et al. (2021).
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A. Conclusions and Limitations

In this work we extended the matrix-smoothness-aware sparsification strategy of Safaryan et al. (2021) to arbitrary unbiased
compression schemes. This significantly broadens the use of smoothness matrices in communication efficient distributed
methods.

A.1. Generalization and quantization

It is worth to mention that our results generalize those of Safaryan et al. (2021) in a tight manner. That is, we recover the
same convergence guarantees as a special case. Indeed, if compression operators C; are diagonal sketches C; generated
independently from others and via arbitrary samplings, then

L; = L(CiLy)
= inf{£>0:E[|Ciz -z}, ] < L||z|? vz € R}
= inf{£>0:2"E[(C; —I)L;(C; — I)]z < L||z|* Vz € R}
= Amax (E[(C; = DLi(C; —T)))
Amax (E[CiL;Cy] — L)
= /\max(?i oL; — L)
Amax(Pi o L;),

max

with the same probability matrices P; and 131- defined in (Safaryan et al., 2021).

Further, we designed two novel quantization schemes (see Definitions 3 and 4) capable of properly utilizing matrix
smoothness information of local loss functions in distributed optimization. We showed that the proposed quantization
schemes can significantly outperform the key baselines both in theory and practice.

A.2. Limitations

Next, we discuss main limitations of our work.

* Note while in this paper we redesigned only two methods, DCGD+ and DIANA+, the modifications we suggest are
not limited to these two methods and can be applied to other distributed methods. In particular, with a similar proof
technique, ADIANA+ method of (Safaryan et al., 2021) introduced with sparsification can also be extended to arbitrary
unbiased compression operator using the new notion of £(C,L).

* The server is required to store d X d matrices L,Z/ ? for all nodes i« € [n] and multiply them by sparse updates
Ck (L;rl/ ’V fi(x*)) in each iteration. Moreover, each node i is required to store only its smoothness matrix le/ * and

perform multiplication LZW *V f;(z*) in each iterate. Hence, our methods are practical when either dimension d is not
too big or smoothness matrices L; are of special structure (e.g., diagonal, low-rank).

* For the sake of presentation, we analyzed both DCGD+ and DIANA+ when exact local gradients, V f;, can be computed
by all nodes in each iteration. However, we believe that it is possible to extend the analysis to stochastic local gradient
oracles. Current tools handling stochastic gradients can be easily applied to our matrix-smoothness-aware compression
techniques.

* In our distributed methods we only compress uplink communication from nodes to the server, which is typically more
bandwidth limited than downlink communication from the server to nodes. We believe that techniques that ensure
compressed communication in both directions can be applied in our setting, too.

* We developed all our theory for strongly convex objectives. Extending the theory to convex and non-convex problems
in a tight manner seems to be more challenging.
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B. Additional Experiments

In this section we provide additional experiments to highlight effectiveness of our approach.

B.1. Comparison to standard quantization techniques

First, we compare DCGD+/DIANA+ with the block quantization technique (block quant+) described in Section 4
to DCGD (Khirirat et al., 2018)/DIANA (Mishchenko et al., 2019) with the standard quantization technique (quant) in
(Alistarh et al., 2017). As shown in Figure 6, DCGD+ (block quant+) and DIANA+ (block quant+) outperform
DCGD (quant) and DIANA (quant) when d is larger. This is understandable because the extra cost on communication
B norms becomes neglectable when the dimension is relatively high given the number of blocks, where splitting the whole
parameters into blocks makes more sense.

Next, we compare DCGD+/DIANA+ with our second quantization technique (quant+) that has varying number of
quantization steps per coordinate to DCGD (quant) and DIANA (quant). Figure 7 demonstrates that DCGD+ (quant+)
and DIANA+ (quant +) lead to significant improvement.

B.2. Ablation study of DIANA+ (block quant+) and DIANA+ (quant+)

As mentioned by (Alistarh et al., 2017), combining DCGD and block quantization can improve its iteration complexity
at the cost of transmitting extra 32B bits per iteration, which might also lead to better total communication complexity.
Thus, the advantage of DIANA+ (block quant+) over DIANA (quant) may come from either splitting the features
into blocks or exploiting the smoothness matrix. To further demistefy the improvement of DIANA+ (block quant+) , we
compare the results of DIANA+ (block quant+), DIANA+ (block quant), DIANA (block quant)and DIANA
(quant) in Figure 5. The difference between block quant and block—-quant+ is that the former one uses the same
number of quantization levels for different blocks while the latter one uses varying numbers. It can be seen from Figure 5
that DIANA+ (block—quant+) consistently outperforms other methods because it optimally exploits the block structure
and the smoothness matrix.

We also demonstrate that how DIANA+ perform with varying or fixed number of levels. As seen in Figure 6, the varying
number of levels are beneficial on most of the datasets.

B.3. Comparison to matrix-smoothness-aware sparsification

Moreover, we also compare the performance of three smoothness-aware compression techniques —block quantization
(block quant+) of Section 4, varying-step quantization (quant+) of Section 5 and smoothness-aware sparsification
strategy (rand-7+) of Safaryan et al. (2021). All three compression techniques are shown to outperform the standard
compression strategies by at most O(n) times in theory. For the sparsification, we use the optimal probabilities and the
sampling size 7 = d/n as suggested in Section 5.3 of (Safaryan et al., 2021). The empirical results in Figure 8 illustrate that
the varying-step quantization technique (quant+) is always better than the smoothness-aware sparsification (Safaryan et al.,
2021), in terms of both communication cost and wall-clock time. Our block quantization technique also beats sparsification
when the dimension of the model is relatively high.

Table 2. Information of the experiments on ¢-regularized logistic regression.

Dataset #Instances N Dimension d #Workers n  #Instances/worker m

german 1,000 24 4 250
svmguide3 1,243 21 4 310
covtype 581,012 54 6 145,253
splice 1,000 60 6 166
w8a 49,749 300 8 6,218

a%a 22,696 123 8 2,837
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Figure 4. Comparison of DCGD+ (block quant+)and DIANA+ (block quant+) with DCGD (quant) and DIANA (quant).
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Figure 5. Comparison of DIANA+ (block quant+), DIANA+ (block quant), DIANA (block quant)and DIANA (quant).
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Figure 6. Comparison of DCGD+ (quant+) and DIANA+ (quant +) with DCGD (quant) and DIANA (quant).
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Figure 7. Comparison of DIANA+ with quantization that has varying or fixed number of levels.
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DCGD/DIANA methods with standard quantization (quant). Note that in quant + workers need to send Li/ ? € R and quantization
steps h; € R? to the master before the training. This leads to extra costs in communication bits and time, which are taken into

consideration.
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C. Proofs for Section 3: Smoothness-Aware Distributed Methods with General Compressors

Here we provide the proofs of Theorem 1 and Theorem 2. Both proofs follow similar steps done for sparsification in
(Safaryan et al., 2021).

C.1. Proof of Theorem 1: DCGD+ with arbitrary unbiased compression

To simplify the notation, let us skip the iteration count k in the derivations. We are going to estimate the quantity
E [||g(z) — V f(2*)||?] and establish the following bound for the gradient estimator g(z) = + 3" | L L/?C;(LI'*V f(z)):

n

*

E [lg(@) = V1)) < (“ Lmd*)Dfu,xwf‘,’j.

Due to Lemma E.3 (Hanzely & Richtdrik, 2019), we have V f;(z) = Lll-/ *r; for some r;. Therefore,

1

E (L G(LI L )| = LB [GLIL )| = L1 L = L = W fi(a), (20)

which implies unbiasedness of the estimator g(z), namely E [g(x)] = V f(z). Next, note that

2

E [llg(x) = V£(2)|?]

LS LG i) - Vi)
i=1

o ZE {HLW(LW Vi) - Li/QLI”Qfox)HT

— QZE[ H

LV fi(@) — LV fi(a)|

< ﬁzﬁ(cmLi)”vfi(x)Hii
i=1
2 " *\ |2 2 - *\ (12
< ﬁzﬁillvfi(x) - Vfi(z )”Lf + ﬁzﬁillvﬁ-(x )||L3
i=1 i=1
4G 20
< fZ;Csz(l‘“’l?*)—F +
2 i
n? & n
4 207
S Emafo($7m*> + 24*7

which together with convexity and L-smoothness of f implies

E[llg(@) = Vi@)IP] = V(@)= V)P +E[lg@) - VF(@)]?]

4£max 20i

< 2LD¢(z,z") + Dy(x,z") +

*

2L 20
I max D * +.
2 (1420 Dy + 22

IN

Applying the result of Gorbunov et al. (2020) we conclude the proof.

C.2. Proof of Theorem 2: DIANA+ with arbitrary unbiased compression

‘We start with the unbiasedness of the estimator

ZLV’" (L (V i) b)) + b
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In (20), we showed unbiasedness using inclusion V f;(z*) € range(L;). Assuming u¥ € range(L;) for all k > 0, we get
Vfi(2*) — uf € range(L;) for all k > 0. Hence, in the same way we can show unbiasedness of g* as

By [¢"] = %ZLE/ZIE;C |:Ci (Lle/Z’(Vfi(ﬂU) - uf))} + uk
=1
= iiLE“LFﬁ(Vﬁ(m) Y S

= S VAEH = Vi)

The inclusion u¥ € range(L;) directly follows from the initialization u? € range(L;) (see line 1 of Algorithm 2) and linear
update rule of u ™! = u¥ + aL;/QAf (see line 5 of Algorithm 2). As both V f;(z*) and u¥ belong to range(L;), denote
Vfi(xF) —ul = Lz/zrf. Next we bound

2

E[|lg(z) - Vi(@)|?] =
_ ;ZE[

=1
- x|

ZLW (L9 i() - ub)) +uk - Vii(a)

L/ et (L9 filw) = ub)) = LPLI(V fil) — uf)

2
L;

|

F (LI (Vhi@) = b)) — LI (Vi) )

1 n
S 3 > LG, L)V filz) — uf\li;
=1
2L max - Linax k 2
S 2 Z IV fi(z) = Vfi(z" L’r 12 Z [ui =V fila")ILs
2L
< Limax D max k
= Z CE n O+
4L 2L
_ maxD * max L
n f(I, € ) + n O—-i,-v

def
where o = LS luk — V(2 )H2 is the error in the gradient learning process. To proceed, we need to establish

contractive recurrence relation for o* v, For each summand, we have
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Ek {Hukﬂ — sz(x*)

%

2
o]

= E; {Huf - Vfi(z") —|—a£f”iﬂ

= |[juf = Vfi(z")

3+ﬂa@?—VﬁWWVﬂ@ﬂ—u%m+a%[WJT%PW%vmm—uﬂN

2
L

< Jluk = Vi) + 20 (uf = Vi), Vfilak) — ub)y + 0B U ¢ (LI (V () — ub)) m
< luk = VA5 + 20 (uf = Vila®), Vilah) = by + 0?1+ w) [V fia®) — uf |5

< juk = VA + 20 (b = Vila®), Vilah) = by + o[V AiR) - bl

= (1—a)|Juf = Vi@ gs + [V = Vi)

< (- a)[juf = Vfia") g + 20Dy, (2", "),

where we used bounds o < 1-&-% and 0 < L;/ 2L;LL;/ * < 1. Thus, with o < m the estimator ¢* of DIANA+ satisfies

Ey, [¢*] = V(")
2£max 2£max k

B [l - VF@I) <2 (L4 22 ) Dyat o) 2ot

Ex [of‘l] < (1—a)ok +2aDy(z", z%).

Again, we apply the generic result of Gorbunov et al. (2020) to complete the proof.
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D. Proofs for Section 4: Block Quantization

Here we provide the missing proofs of Section 4.

D.1. Proof of the variance bound (10)

Using Definition 3 of compression operator QF, we have

I’l I’l
6 <| ll ) _ ll
!/ [l

2
Ll

B
E[IQF (@) —«lf] = > ll'|°E
=1

B dy di
< 3 )P min | B2 OLY b |3 (L]
=1 j=1 J=1
d; d;
< max min (A2 SOLY R S [LE) ) e
sis j=1 j=1

o . 2 . i . 1 2
= vy min (7] Diag(L") |1, Diag(L")]) o]

From the definition of £(QF, L) we get

£(QF,1) < max win (7] Diag(L")];, hu|| Diag(L")])

which implies (10) if we ignore the first term.

D.2. Proof of Theorem 3: DCGD+ with block quantization

First, recall that quantization steps h; are given by

0:.B d d
hig = +=———, l€[B], whereé; p < —=Tip+/5—=Ti.
4= Diagm | € Bl wheredin < gt 5 p T
Then, we have
L 1
max _ - £ B.,Li
TR R
< —maxd;p
n i€n]
1 d d
< Smax | ——T, ——T
S M| F-B P\ E-B
< [ / }maXTi,B-‘r / o

max .
ﬂ — B i€[n] B — B icn] \/ﬁ
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Set 3 = d/n +nand B = n. Since n = O(+/d), we have 3 = O(4/x) and hence ﬁdf}g = 1. For the sake of simplicity,
assume d; = d/n. Next

IN
3 Ll
S
-
=
VAN
S
h
g
¥

~

i

3
IN
S
NIE
S
(]
=

Regardless of the choice &, using the following inequalities with respect to matrix order

1 n
L=-) L; L;=nkL, 21
we bound L as follows
(21) 1< 1 & I, ® v
L = Amax (L) <" Ainax <n2L> <- ;Am (L) =~ Z;Li < —Limax. (22)

Hence

L ﬁmax v Lmax 21/1 Lmax 1 Lmax
-+ < - + —0(-= ,
poopn T mop o Nnd op nop

which guarantees n times fewer communication rounds with the same number of bits per round. In other words, each node
communicates O(4/n) bits to the master in each iteration, which gives us O(d) communication per communication round.
Thus, overall communication complexity to achieve ¢ > 0 accuracy is

LII]'X 1
o (dd log ) .
nou €

D.3. Proof of Theorem 4: DIANA+ with block quantization

As already mentioned, for DIANA+ each node aims to minimize w; + ﬁ/j(@ﬁ , L;) with respect to its quantization steps
h;. Notice that

1 hi
i+ —L(QF L) < hin/d "’ || Diag(LY
w+w (Qn, L) < maxhi l+g?§§un” iag(L;)||

IN

1
2 hi d, + —| Diag(LY)|| ) .
g (Vi + | Diag(LL)|
This leads to the following optimization problem with respect to h:

heRB  1<I<B

B
LV
s.t. Z<hl2+hl>+B:ﬁa h; > 0.

=1

1
min  max fy (\/CTH' /an” Diag(L%)
(23)
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which is solved similar to (11). Denote
def 5 def 1
Ay = \F + 7” Dlag(L”)| Tip = Z \/7A1l

Analogous to (11), the solution of (23) has the following form

giB
G=—= B
hil Au’le[ ],

where &; 3 is determined by the constraint equality of (23) as

dip =

- Ty \/ PRy dIE 4 4 -

26-B) Nig-BE 5B 5-B P\ 5B

Let us estimate ﬁ-yl and fm using the assumptions B = n and (for the sake of simplicity) d; = 4/n.

~ L
T, = \f+— Diag(L; )—lJr L., < Vl max
v = 55 (Vi+ | Ding(w) Z e
T = dZ\f ([ +|Dlag<L”>||> =1t D DiaglLl)]
< Vleax

L;. i
,un\/ z 97 ,un\/ nd

Next, using 8 = 4/n + n and v; = O(1), we get

1
i+ —L(Qp, L) < 26,
w; + i (Qh,,Li) <

2 ~ d -~
——Tin+ 2y 7—T;
B Ao

= 20Ty, +2vnTy

() 15 oo+ ).

IN

IN

Together with (22), we complete the proof with the following iteration complexity:

1L 1 L
O (n + _ max + max) .
1Y vnd
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E. Proofs for Section 5: Quantization with varying steps

In this part of the appendix we provide missing proofs and detailed arguments of Section 5.

E.1. An encoding scheme for Q;, operator

To communicate a vector of the form Qy, (), we adapt the encoding scheme of Albasyoni et al. (2020). From the definition,
we have

[Qn(@)]; = ||| - sign(z;k;) - kjh;

for all j € [d], where k > 0 are non-negative random variables coming from (9). Thus, we need to encode the magnitude
|||, signs sign(z;k;) and non-negative integers ;.

For the magnitude ||z|| we need just 31 bits. Let ng oo [{j € [d]: k; = 0}| be the number of coordinates ; that are
compressed to 0. To communicate signs {sign(z;k;): j € [d]}, we first send the locations of those n coordinates and then
d — ny bits for the values £1. Sending n¢ positions can be done by sendlng log d bits representing the number ng, followed
by log ( ) bits for the positions. For the signs, we need log d + log ( ) +d—ng < logd+ dlog 3 bits at most. Finally, it
remains to encode /4:J s for which we only need to send nonzero entries since the positions of kj = (0 are already encoded.
We encode l%j > 1 with l;:j bits: lch — 1 ones followed by 0. Hence, the expected number of bits to encode l%j’s is

d

d ) d d 1 1
,Zlkj izh*j va Zh?: Z*z-”h I,
P = =

<
Il
—
b

where v; =
HwH

In total, Qy,(x) can be encoded by
d
31+ logd + log <ﬁ ) +d—ng+ A7
0

bits. Lastly, the log (; 0) term can be upper bounded by the binary entropy function Hs(t) def 4 logt — (1 —t)log(1 —¢)
(see (Albasyoni et al., 2020) for more details), and the expected number of encoding bits for Q},(x) can be upper bounded by

31 +logd + dHy (”Z")> + |20 + 1AM,

where & = Qp ().
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E.2. Proof of the variance bound (15)

Let v € R? be the unit vector with non-negative entries vj = lzil/|z| for j € [d]. Then

) z ) x
Bllen) ~alt) = E ||lel-sina) € () = ol -sente) - 21 ]
L
2
= oI [Ji¢ (v) v}
d
= [2IPE | Y Lji (&(v;) — v)) (&w) — )
Jil=1
d
2
= [l Y LiE (&) — vy)] (24)
j—l
= || ZL]J — kjh;) ((kj + 1)hj — v;)
v
= Jel? ZLM ( k) - (g-n)]
j
< l=)? ZLNh?mm( hj)
< min ZLJJ ]7ZLJJh vj | llz)?
j=1 j=1
d
< min ZLM 2, 151202 | [l2)> = min (|| Diag(L)h? |, | Diag(L)A]) .
j=1
which implies (15).
E.3. Proof of Theorem 5: DCGD+ with varying quantization steps
Based on the upper bound (15) and the communication constraint given by ||h; || = /3 for some 3 > 0, we get the
optimization problem
H}llin |Diag(L;)h;|| subject to Hh;leﬁ, (25)

i

for choosing the optimal quantization parameters h;.;. This problem has a closed form solution. Indeed, due to the KKT

conditions, we have
L2 hl d
I A B 2, (Z ) 0,

\/ Zt:l L?;th’zzt

where ( is the multiplier. Solving this leads to the solution:

_ 1 Z?:l Li;t
hiy; = BV L, (26)

For the solution (26) we have

d d
_ > a1
E(thLi) < ZngJ i35 6 ZLZZ;jj lL1 _BZLJ]
j=1 VN j=1
1/1 V1 V1
< —maxL;;; < —=L;=—Lnax 27
B el T g g
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Therefore, if both parameters v and v are O(1), then the rate (6) of DCGD+ becomes O( £ Tt Brflﬁ‘) To make a fair
comparison against DCGD, we need to fix O(ﬁ) number of bits each node communicates to the master server. Now, to
make DCGD+ communicate the same number of bits, we set 3 = (9(%). Hence we have the following iteration complexity

for DCGD+ based on solution (26):
O <1Lmax + 1LII1€LX>

n o ou d p
which is min(n, d) times better than the one of DCGD.

E.4. Proof of Theorem 6: DIANA+ with varying quantization steps

def L;

Denote A;; =443 Note that

d d
L, .
wi—l—n—; < min Zh?;ﬁ Zhij —|——m1n ZL,Mh?J,
=1 =1

d

d d L

_ : 2 2 : 437 3,2

= min E hi.;, E hi; | +min E hi.;, g
j=1 j=1

n
=1 "

A
=
j}

d ) d Li*jj ) d d
Sonty Y T Yo, | S (B
j=1 j=1 j=1

VR

d
min j{: 1+ Ay) hZj, |2

j=1 J
d
< D (L+4y)h
j=1

We solve the optimization problem

IN

1

d
Z (1+A4;)h subject to Hh*1|| = 0, (28)

which has a closed form solution. Indeed, due to the KKT conditions, we have:

(29)

For the solution (29) we have

El' d ﬂd \/§d
Yt J2§:@*f%)@u[3§:VT+A%/3§:1+A“

\/§d \/i iL B \/§d+\/§yl Lmax
ST

IN

which further leads to O(n + £ Lmax 4 L Lmax) jteration complexity if 1, = O(1) and 8 = O(£).
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F. Notation Table
Table 3. Notation we use throughout the paper.
Basic

d number of the model parameters to be trained

n number of the nodes/workers in distributed system

[n] 1,2, n}

f:RT SR | overall empirical loss/risk (1)
fi : RY 5 R | local loss function associated with data owned by the node i € [n] (1
R:R? - R | (possibly non-smooth) regularization (1)

z* trained model, i.e. optimal solution to (1)

€ target accuracy
|ES o #{j € [d]: x; # 0}, number of nonzero entries of 2 € R?

|zl def \/ Zj:l 7, the standard Euclidean norm of = € R¢

Standard

m strong convexity parameter of f Asm. 2

L smoothness constant of f, namely L = Amax (L) (2)

L; smoothness constant of f;, namely L; = Amax(L;)

Limax déf max;efn] L;

C (possibly randomized) compression operator C: R — R?

B(w) class of compressors with E [C(z)] = =, E [||C(x) — ;rHQ] < w|z]?, Vz € R?

[ compression operator controlled by node ¢

Wi variance of compression operator C;

Wmax déf maxie[n] wi
¥ step-size parameter in DCGD+ and DIANA+ methods
« learning rate for the local optimal gradients in DIANA+
Matrix Smoothness

L smoothness matrix of f 3)
L' square root of symmetric and positive semidefinite matrix L

L Moore—Penrose inverse of matrix L

L; smoothness matrix of f;

Li;,Lij; | j diagonal element of L;
£EC,L) | “inf{£>0:E|C(z) - 2| < L]2]* Y2 € R*} < wAmax(L)

L L, L) &)
,Cmax déf maxie[n] C(Cz, LZ) = maxie[n] ,C,Z . (4—)
v, 1 of 7m§53ﬂ?21 and 1, & max;cy) 7115(]] :61[;]“}4’1 v Def. 8

Quantization

s number of quantization levels

B number of blocks to divide the space R?

l index for blocks, i.e. [ € [B]

d dimension of the I** subspace in R?, in particular Z;B: Jdi=d

! 1*" block of coordinates of x € R?

L I*" diagonal block matrix of L with sizes d; X d;

hig quantization step of [ block for node i

B parameter controlling the number of encoding bits

J index for coordinates, i.e. 7 € [d]

hisj quantization step of j°" coordinate for node i (26)
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